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PREFACE. 



Algebra naturally follows Arithmetio in a course of sden- 
tiiic studies. The language of figures, and the elementary 
combinations of numbers, are acquired at an early age. 
When the pupil passes to a new system, conducted by 
letters and signs, the change seems abrupt; and he often 
experiences much difficulty before perceiving that Algebra 
is but Arithmetic written in a different language. 

It is the design of this work to^pply a connecting link 
between Arithmetic and Algebra ; to indicate the unity of 
the methods, and to conduct the pupil from the arithmetical 
processes to the more abstract methods of analysis, by easy 
and simple gradations. The work is also introductory to 
the University Algebra, and to the Algebra of M. Bourdon, 
which is justly considered, both in this country and in 
Europe, as the best text-book on the subject, wbich has yet 
appeared. 

In the Introduction, or Mental Exercises, the language 
of figures and letters are both employed. Each Lesson is 
■o arranged as to introduce a single principle, not known 
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IT PBEFAOB. 

before, and the whole is so combined as to prepare the 
pupil, by a thorough system of mental training, for those 
processes of reasoning which are peculiar to the algebraic 
analysis. 

It is about twenty years since the first publication of the 
Elemsntasy Algebba. Within that time, great changes 
have taken place in the schools of the country. The sys- 
tems of mathematical instruction have been improved, new 
methods have been developed, and these require correspond- 
ing modifications in the text-books. Those modifications 
have now been made, and this work will be permanent in 
its present form. 

Many changes have been made in the present edition, at 
the suggestion of teachers who have used the work, and 
&vored me with their opinions, both of its defects and 
merits. I take this opportunity of thanking them for the 
valuable aid they have rendered me. The criticisms of 
those engaged in the daily business of teaching are invalu- 
able to an author ; and I shall feel myself under special 
obligation to all who will be at the trouble to communicate 
to me, at any time, such changes, either in methods or lan- 
gus^e, as their experience may point out. It is only through 
the cordial co-operation of teachers and authors — ^by joint 
labors and mutual efforts — that the text-books of the country 
can be brought to any reasonable degree of perfection. 

CoLmcBii. College, New Tore, Mcarch^ 1859. 
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SUGGESTIONS TO TEACHERS. 



1. The Introduction is designed as a mental exercise. If 
thoroughly taught, it will train and prepare the mind of 
the pupil for those higher processes of reasoning, which it 
is the peculiar province of the algebraic analysis to develop. 

2. The statement of each question should be made, and 
every step in the solution gone through with, without the 
aid of a slate or black-board ; though perhaps, in the begin- 
ning, some aid may be necessary to those unaccustomed to 
such exercises. 

3. Great care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinctly 
explained. 

4. The reasoning process is the logical connection of dis- 
tinct apprehensions, and the deduction of the consequences 
which follow from such a connection. Hence, the basis of 
all reasoning must he in distinct elementary ideas. 

6. Therefore, to teach one thing at a time — ^to teach that 
thing well — to explain its connections with other things, 
and the consequences which follow from such connections, 
would seem to embrace the whole art of instruction, 
viii 



ELEMENTARY ALGEBRA. 



INTRODUCTION. 

MENTAL EXEBCISES. 

* "'' '- LESSON L 

1. John and Charles have the same numbeV of apples; 
both together have twelve : how many has each ? 

Analysis. — ^Let x denote the number which John has ; 
then, since they have an equal number, x will also denote 
the number which Charles has, and twice aj, or 2aj, will 
denote the number which both have, which is 12. If twice 
X is equal to 12, x will be equal to 12 divided by 2, which 
is 6 ; therefore, each has 6 apples. 

WKITTKN. m 

Let X denote the number of apples which John has; 
then, 

12 
a; + a; = 205 = 12 ; hence, a; = — = 6. 

Note. — ^When x is written with the sign -f before it, 
it is read plu8 x : and the line above, is read, x pitta x 
eqiuxU 12. 
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Note. — ^When x is written by itself, it is read one ^ 
and is the same as, Ix ; 

X or la;, means once a, or one «• 

2a^ " twice as, or two a, 

3a;, " three times a;, or three a, 

4a;, " four times a;, or four x^ 

&c., &c., . &c. 

2. What is a; + a; equal to ? 

3. What is a; + 2a; equal to ? 

4. What is a; + 2« + x equal to ? 

6. What is a; + 5a; -f- x equal to ? 
^ 6. What is a; + 2ic + 3a; equal to ? 

7. James and John together have twenty-four peaches, 
and one has as many as the other : how many has each ? 

Analysis. — Let x denote the number which James has ; 
then, since they have an equal number, x will also denote 
the number which John has, and twice x will denote the 
number which both have, which is 24, If twice x is equal 
to 24, X will be equal to 24 divided by 2, wliich is 12 ; 
therefore, each has 12 peaches. 

WRITTEN, 

Let X denote the number of peaches which James has ; 

then, 

24 
a; + 05 == 2a; = 24; hence, a; = — - = 12. 

VERIFICATION. 

A Verification is the operation of proving that the num- 
ber found will satisfy the conditions of the question. Thus, 

James* apples. John's apples. 

12 -f 12 = 24. 

Note. — ^Let the following questions be analyzed^ written^ 
and ver\/ied^ in excictly the same manner as the above. 
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8. William and John together have 36 pears, and one haa 
as many as the other : how many has each ? 

9. What number added to itself will make 20 ? 

10. James and John are of^the same age, and the smn of 
their ages is 32 : what is the age of each? 

11. Lucy and Ann are twins, and the sum of their ages 
is 16:- what is the age of each? 

12. What number is that which added to itself will 
make 30? 

13. What number is that which added to itself will 
make 60? 

14. Each of two boys received an^qual sum of money at 
Christmas, and together they received 60 cents : how muoh 
had each ? 

16. What number added to itself will make 100? 

16. John has as many pears as William; together they 
have 72 : how many has each ? 

11. What number added to itself will give a sum equal 
to 46? 

18. Lucy and Ann have each a rose bush with the same 
number of buds on each ; the buds on both number 46 : 
how many on each? 



LESSON n. 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : how many has each ? 

Analysis. — iet x denote the number of apples which 
John has ; then, since Charles has twice as many, 2x wiU 
denote his share, and x + 2«, or 3a;, will denote the 
number which they both have, which is 12. If 3aj is equal 
to 12, X will be equal to 12 divided by 3, which is 4; 
therefore, John has 4 apples^and Charles, having twice as 
many, has 8. 



IS INTKOPUOTION. 

WRnTKN. 

I^et X denote the number of apples John has ; then, 
^ 2x will denote the number of apples Charles has; and 
« 4- 2a5 = 3a5 = 12, the number both have; then, 

12 
05 = — = 4, the number John has ; and, 
3 

2a; = 2 X 4 = 8, the number Charles has, 

VERIFICATION. 

4 + 8 =i 12, the number both have. 

2. William and John together have 48 quills, and William 
has twice as many as John : how many has each ? . 

3. What number is that which added to twice itself will 
give a number equal to 60 ? 

4. Charles' marbles added to John's make 3 times as many 
as John haa ; together they have 51 : how many has each? 

Analysis. — Since Charles' marbles added to John's make 
three times as many as Charles has, Charles must have one 
third, and John two thirds of the whole. 

Let X denote the number which Charles has; then 2x 
will denote the number which John has, and x + 2a;, or 
Sas, will denote what they both have, which is 51. Then, if 
Zx is equal to 51, x will be equal to 51 divided by 3, 
which is 17. Therefore, Charles has 17 marbles, and John, 
having twice as many, has 34. 

written. 
Let X denote the number^ of Charles' marbles; then, 
2a; will denote the number of John's marbles; and 
805 =5 51, the number of both ; then, 
as =r — = 17, Chades' marbles; and 
If X 2 = 34, John's marblei. 
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o. TVIiat number added to twice itself will make 15 P 

6. What number added to t^vice itself will make 57 ? 

7. What number added to twice itself will make 39? 

8. What number added to twice itself will give 90 ? 

9. John walks a certain distance on Tuesday, twice aa 
far on Wednesday, and in the" two days he walks 27 miles • 
how far did he walk each day ? 

10. Jane's bush has twice as many roses as Nancy's: and 
on both bushes there ar^ 36 : how many on each ? 

n. Samuel and James bought a ball for 48 cents ; Samuel 
paid twice as much as James : what did each pay ? 

12. Divide 48 into two such parts that one shall be double 
the other. 

13. Divide 66 into two such parts that one shall be double 
the other. 

14. The sum of three equal numbers is 12 : what are the 
numbers? 

Analysis. — Let x denote one of the numbers; then, 
..since the numbers are equal, x will also denote each of 
the others, and x plus x plus a, or Sx will denote their 
sum, which is 12. Then, if Sx is equal to 12, x will be 
equal to 12 divided by 3, which is 4 : therefore, the numbers 
are 4, 4, and 4. 

"WRITTEN'. ^ 

Let X denote one of the equal numbers ; then, 
X + X -^ X =: Sx = 12; and 

^ = T= ^- 

VERIFICATION. 

4 + 4 + 4 = 12. 

15. The sum of three equal numbers is 24 : what are the 
numbers? 

16. The sum of three equal numbers is 36 : what are the 
numbers? 
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14 IFTROUUCTION. 

17. The sum of three equal numbers is 54 : what are the 
numbers? fi, r^p\ 



LESSON m. 

1. What number is that Tvhich added to three times itself 
wiU make 48 ? 

Analysis. — ^Let x denote the number; then, Zx will 

denote three times the number, and x plus 3aj, or 4a5, 

will denote the sum, which is 48. If 4aj is equal to 48, 

>x will be equal to 48 divided by 4, which is 12; there- 

fore, 12 is the required number. 

WRITTEN". 

Let X denote the number; then, 

Zx = three times the number; and 
aj -f 305 = 4a5 = 48, the sum : then, 

a = -- = 12, the required number. 
4 

VERIFICATION. 

12 + 3 X 12 = 12 + 36 = 48. 

Note. — ^All similar questions are solved by the same 
form of analysis. 

2. What number added to 4 times itself will give 40 ? 

3. What number added to 6 times itself will give 42 ? 

4. What number added to 6 times itself ^dll give 63 ? 
6. What number added to Y times itself will give 84 ? 
6. What number added to 8 times itself will give 81 ? 
Y. What number added to 9 times itself will give 100? 

8. James and John together have 24 quills, and John haa 
three times as many as James : how many has each ? 

9. William and Charles have 64 marbles, and Charles has 
7 times as many as William : how mafly has each ? 
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10. James and John travel 96 miles, and James trayela 
11 times as far as John : how far does each travel ? 

11. The sum of the ages of a father and son is 84 years; 
and the father is 3 times as old as the son : what is the ago 
of each ? 

12. There are two numbers of which the greater is 7 
limes the less, and their sum is 72 : what are the numbers? 

13. The sum of four equal numbers is 64: what are the 
numbers ? 

14. The sum of six equal numbers is 54: what are the 
numbers ? 

15. James has 24 marbles ; he loses a certain number, and 
then gives away 1 times as many as he loses which takes all 
he has : how many did he give away ? Verify. 

16. William has 36 cents, and divides them between his 
two brothers, James and Charles, giving one, eight times as 
many as the other : how many does he give to each ? 

17. What is the sum of x and Sx? Of x and 7a;? 
Of a; and 6a;? Of a; and 12aj? 



LESSON IV. 

1. If 1 apple costs 1 cent, what will a number of apples 
denoted by x cost? 

Analysis. — Since one apple costs 1 cent, and since x 
denotes any number of apples, the cost of x. apples will be 
as many cents as there are apples : that is, x cents. 

2. If 1 apple costs 2 cents, what will x apples cost? 

Analysis. — Since one apple costs 2 cents, and since x 
denotes the number of apples, the cost will be twice as many 
cents as there are apples : that is 2a; cents. 

3. If 1 apple costs 3 cents, what will x apples cost ? 

4. If-1 lemon costs 4 cents, what will x lemons cost ? 
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6. If 1 orange costs 6 cents, what will x oranges cost ? 

6. Charles bought a certain number of lemons at 2 cent J 
apiece, and as many oranges at 3 cents apiece, and paid in alL 

20 cents: how many did he buy of each? 

Analysis. — ^Let x denote the number of lemons ; then, 
since he bought as many oranges as lemons, it will also 
denote the number of oranges. Since the lemons were 
2 cents apiece, 2x will denote the cost of the lemons ; and 
since the oranges were 3 cents apiece, 3a; will denote 
the cost of the oranges ; and 2x + 3ic, or 6a;, will denote 
the cost of both, which is 20 cents. Now, since 6x cents 
are equal to 20 cents, x wdll be equal to 20 cents divided by 
6 cents, which is 4 : hence, he bought 4 of each. 

WEITTKN. 

Let X denote the number of lemons, or oranges ; then, 
2a; = the cost of the lemons ; and 
• 3a; = the cost of the oranges ; hence, 
2a5 + 3a; = 6a; = 20 cents = the cost of lemons ^nd 

oranges; hence, 

X = = 4, the number of each. 

5 cents 

VERIFICATION. 

4 lemons at 2 cents each, give,, 4 x 2 = 8 cents. 
4 oranges at 3 cents each, " 4 x 3 = 12 cents. , 
Hence, they both cost, 8 cents +12 cents = 20 cents, 

7. A farmer bought a certain number of sheep at 4 dollars ' 
apiece, and an equal number of lambs at 1 dollar apiece, 
and the whole cost 60 dollars: how many did he buy of 
each ? 

8. Charles bought a certain number of apples at 1 cent . 
apiece, and an equal number of oranges at 4 cents apiece, and 
paid 60 cents in all : how many did he buy of each ? 
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9. James bought an equal number of apples, pears, and 
lemons ; he paid 1 cent apiece for the apples, 2 cents apiece 
for the pears, and 3 cents apiece for the lemons, and paid 
72 cents in aU : how many did he buy of each ? Verify. 

10. A farmer bought an equal number of sheep, hogs, 
and calves, for which he paid 108 dollars; he paid 3 dollars 
apiece for the sheep, 6 dollars apiece for the hogs, and 
4 dollars apiece for the calves : how many did he buy of 
each ? 

11. A farmer sold an equal number of ducks, geese, 
and turkeys, for which he received 90 shillings. The ducks 
brought him 3 shillings apiece, the geese 6, and the turkeys 
Y : how many did he sell of each sort ? 

12. A tailor bought, for one hundred dollars, two pieces 
of cloth, each of which contained an equal number of yards. 
For one piece he paid 3 dollars a yard, and for the other 
2 dollars a yard : how many yards in each piece ? 

13. The sum of three numbers is 28 ; the second is tmce 
the first, and the third twice the second: what are ^e 
numbers ? Verify. 

14. The sum of three numbers is 64 ; the second is 3 times 
the first, and the third 4 times the second : what are the 
numbers ? 



LESSON V. 

1. If 1 yard of cloth costs a; doUai's, what will 2 yards 
cost ? 

Analysis. — ^Two yards of cloth will cost twice as much as 
one yard. .Therefore, if 1 yard of cloth costs x dollars, 
2 yards will cost twice x dollars, or 1x dollars. 

2. If 1 yard of doth costs x dollars, what wiU 3 yards 
cost? Why? 
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3. If 1 orange costs x cents, what wiD ) cra^'gefe cost ? 
Why ? S oranges ? 

4. Charles bought 3 lemons and 4 ora.i^cp, for which he 
paid 22 cents. He paid twice as much for an orange as for 
a lemon : what was the pnce of each ? 

Analysis. — Let x denote the price of a lemon ; then, 2x 
will denote the price of an "orange; 3a; will denote the cost 
of 3 lemons, and Sx the cost of 4 ofanges ; hence, Sx plus 
8Xy or lljB, will denote the cost of the lemons and oranges, 
which is 22 cents. If llaj is equal to 22 OBnts, x is equal to 
22 cents divided by 11, which is 2 cents: therefore, the 
price of 1 lemon is 2 cents, and that of 1 orange 4 cents. 

'VVEITTEN. 

,Let x denote- the price of 1 lemon ; then, 
205 = " 1 orange; and, 

305 + 8a; = 11a; = 22 cts., the cost of lemons and oranges; 

22 cts. 
hence, x = — —- ^ = 2 cts., the price of 1 lemon ; 

and, 2x2 = 4 cts., the price of 1 orange. 

yEIliriCATION, 

3x2= 6 cents, cost of lemons, 
4x4 = 16 cents, cost of oranges. 
22 cents, total cost. 

5. James bought 8 apples and 3 oranges, for which he 
paid 20 cents. He paid as much for 1 orange as for 4 apples: 
what did he pay for one of each ? 

6. A farmer bought 3 calves and 7 pigs, for which he paid 
19 dollars. He paid four times as much for a calf as for a 
pig : what was the price of each ? 

*7. James bought an apple, a peach, and a pear, for which 
he paid 6 cents. He paid twice as mnch for the poach as for 
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the apple, and three times as much for the pear as for the 
apple : what was the price of each ? 

8. William bought an apple, a lemon, and an orange, for 
which he paid 24 cents. He paid t^vice as much for the 
lemon as for the apj^le, and 3 times as much for the orange 
as for the apple : what was the price of each ? 

9. A farmer sold 4 calves and 5- cows, for which he received 
120 dollars. He received as mucli for 1 cow as for 4 calves : 
what was the price of each ? 

10. Lucy bought 3 pears and 5. oranges, for which she 
paid 26 cents, giving twice as much for each orange as for 
each pear: what was the price of each? 

11. Ann bought 2 skeins of silk, 3, pieces of tape, and a 
penknife, for which she paid 80 cents. She paid the same 
for the silk as for the tape, and as much for the penknife as 
for both : what was the cost of each ? 

12. James, John, and Charles are to divide 56 cents 
among them, so that John shall have twice as many as 
James, and Charles t\vice as many as John: what is the 
share of each ? 

13. Put 64 apples into three baskets, so that the second 
shall contain twice tm many as the first, and the third aa 
many as the first and second : how many will i here be iu 
each. 

14. Divide 60 into four such parts that the ?;econd shall 
be double the first, the third double the seco-id, and the 
fourth double the third : what are the numbers ? 



LESSON VL 

1. If 2aj + 35 is equal to 3aj, what is 3aj — sc equal 
to ? Written, Zx — x =: 2x. 

2. What is 4a5 — 05 equal to ? Written, 

405 — 05 =3 305. 
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8. Wliat is 8a; minus 6x equal to ? Written, 
805 — 6aj = 2x, 

4. What is 12aj — 9a; equal to? Ans. Sox 

5. What is 1535 — 7a5 equal to ? 

6. What is I7a5 — 13a; equal to? Ans. ix. 
- 7. Two men, who are 30 miles apart, travel towards each 

other ; one at the rate of 2 miles an hour, and the other at 
the rate of 3 miles an hour : how long before they will meet? 
Analysis. — ^Let x denote the number of hours. Then, 
smce the time, multiplied by the rate, will give the distance, 
2a; will denote the distance traveled by the first, and 3a5 
the distance traveled by the second. But the sum of the 
distances is 30 miles ; hence, 

2a; -f 3a; = 6a; = 30 miles ; 
and if 5a; is equal to 30, x is equal to 30 divided by 5, 
which is 6 : hence, they ^vill meet in 6 hours. 

WRITTEN". 

Let X denote the time in hours; then, 

2a; = the distance traveled by the 1st ; and 
3a; = " " 2d. 

By the conditions, 

2x+ Zx z=i 5x r=z 30 miles, the distance apart ; 

hence, oj = —- = 6 hours. 

5 > 

VERIFICATION. 

2x6 = 12 miles, distance traveled by the first. 
3x6 = 18 miles, distance traveled by the second. 
_^ 30 miles, whole distance. 

8. Two persons are 10 miles apart, and are traveling in 
the same direction ; the first at the rate of 3 miles an hour, 
and the second at the rate of 6 miles: how long, before the 
■econd will overtake the first ? 
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Analysis. — ^Let x denote the time, in hours. Then, 9x 
will denote the distance traveled by the first in* x hours ; 
and 5x the distance traveled by the second. But when 
the second overtakes the first, he will have traveled 10 miles 
more than the first : hence, 

5a; — 3a5 = 2a5 = 10 ; 
if 2a; is equal to 10, x is equal to 6 : hence, the second will 
overtake the first in 6 hours. 

WRITTEN. 

Let X denote the time, in hours: then, 
3a; = the distance traveled by the 1st; 
and, 5x = « " 2d; 

and, 6a; — 3a; = 2a; = 10 hours; 

or, (B = -— - = 6 hours. 

VERIFICATION, 

8x6 = 15 miles, distance traveled by 1st. 
6 X 5 = 25 miles, « « 2d. 

25 — 16 = 10 miles, distance apart. 

9. A cistern, holding 100 hogsheads, is filled by two 
pipes ; one discharges 8 hogsheads a minute, and the other 
12 : in what time will they fill the cistern ? 

10. A cistern, holding 120 hogsheads, is filled by 3 pipes ; 
the first discharges 4 hogsheads in a minute, the second 7, 
and the third 1 : in what time will they fill the cistern ? 

11. A cistern which holds 90 hogsheads, is filled by a pipe 
which discharges 10 hogsheads a minute ; but there is a 
waste pipe which loses 4 hogsheads a minute : how long 
will it take to fill the cistern ? 

12. Two pieces of cloth contain each an equal number of 
yards ; the first (5ost 3 dollars a yard, and the second 5, and 
both pieces cost 96 dollars : how many yards in each? 

13. Two pieces of cloth contain each an equal number of 
yards ; the first cost 1 dollars a yard, and the seoond 6 ; the fim 
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cost 60 dollars more than the second : how many yards in 
each piece ? 

14. John bought an equal number of oranges and lemons 
the oranges cost him 5 cents apiece, and the lemons 3 ; and 
he paid 56 cents for the whole: how many did he buy of 
each kind ? 

15. Charles bought an equal number of oranges and 
lemons; the oranges cost him 5 cents apiece, and the 
lemons 3 ; he paid 14 cents more for the oranges than for 
the lemons : how many did he buy of each ? 

16. Two men work the same number of days, the one 
receives 1 dollar a day, and the other two : at the end of 
the time they receive 54 dollars : how long did they work ? 



LESSON vn. 

1. John and Charles together have 25 cents, and Charles 
has 5 mor(3 than John : how many has each ? 

Analysis. — ^Let x den(5te the number which John has ; 
then, 05 -f 5 will denote the number which Charles has, and 
a? + 25 -f- 5, or 2a; + 5, will be equal to 25, the number 
they both have. Since 2x + 5 equals 25, 2x will be 
equal to 25 minus 6, or 20, and x will be equal to 20 
divided by 2, or 10: therefore, John has 10 cents, and 
Charles 15. 

WEnTEN. 

Let X denote the number of John's cents ; then, 
a; + 5 = " Charles' cents ; and, 

85 -f a; -f 5 = 25, the number they both have ; or, 
2aj + 5 = 25 ; and, 

2a; = 25 — 5 = 20 ; hence, 

20 
X = — =10, John's number; and, 

10 + 5 = 15, Charles' number. 
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VERIFICATION. 
Jobn^a charlM*. 

10 +15 = 25, the sniTL 

Chftrles*. John's; 

15 — 10 = 6, the dijQTerence. 

2. James and John have 30 marbles, and John has 4 more 
tlian James : how many has each ? * ^ 

3. William bought 60 oranges and lemons ; there were 
20 more lemons than oranges : how many were there of 
each sort ? 

4. A farmer has 20 more cows than calves; in all he has 
3(5 : how many of each sort ? 

5. Lucy has 28 pieces of money in her purse, composed 
of cents and dhnes ; the cents exceed the dimes in number 
by 16 : how many are there of each sort ? 

6. What number added to itself, and to 9, will make 29 ? 

7. What number added to twice itself, and to 4, will 
make 25 ? - 

8. What number added to three times itself, and to 12, 
will make GO ? 

9. John has five times as many marbles as Charles, and 
what they both have, added to 14, makes 44 : how many has 
each? 

10. There are three numbers, of which the second is twice 
the first, and the third twice the second, and when 9 is 
added to the sum, the result is 30 : what are the numbers ? 

11. Divide 13 into two such parts that the second shall 
be two more than double the first : what are the parts ? 

12. Divide 50 into three such parts that the second shall 
be twice the first, and the third exceed six times the first 
by 4 : what are the parts? 

13. Chaiies has twice as many cents as James, and John 



24 INTJIODUOTION. 

has twice as many as Charles ; if 7 be added to what they 
all have, the sum will be 28 : how many has each ? 

14. Divide 15 into three such parts that the second shall 
be 3 times the first, the third twice the second, and 6 over : 
what are the nimibers ? 

15. An orchard contains three kinds of trees, apples, pears, 
and cherries; there are 4 times as many pears as apples, 
twice as many cherries as pears, and if 14 be added, the 
number will be 40 ; how many are there of each ? 
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1. John after giving away 5 marbles, had 12 left: how 
inany had he at first ? 

Analysis. — ^Let x denote the number ; then, x minus 5 
will denote what he had left, which was equal to 12. Since 
X diminished by 5 is equal to 12, x will be equal to 12, 
increased by 5 ; that is, to 17 : therefore, he had 17 marbles. 

. WRITTEN. 

Let X denote the number he had at first; then, 
05 — 6 = 12, what he had left; and 

X = 12 + 5 = 17, what he first had. 

VERIFICATION. 

17 — 5 = 12, what were left. 

2. Charles lost 6 marbles and has 9 left : how many had 
he at first ? 

3. William gave 15 cents to John, and had 9 left : how 
many had he at first ? 

4. Ann plucked 8 buds from her rose bush, and there 
were 19 left : how many were there at first ? 
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6. William took 21 cents from his purse, and there were 
13 left : how many were there at first ? 

6. The smn of two numbers is 14, and their difference is 2: 
what are the numbers ? 

Analysis. — ^The difference of two numbers, added to the 
less, will give the greater. Let x denote the less number ; 
then, aj + 2, will denote the greater, and as -f- aJ + 2, 
will denote their sum, which is 14. Then, 2a; + 2 equals 
14; and 2a5 equals 14 minus 2, or 12: hence, x equalfl 
12 divided by 2, or 6 : hence, the numbers are 6 and 8. 

VERIFICATION. 

6 + 8 = 14, their sum ; and 
8 — 6 = 2, their difference. 

7. The sum of two numbers is 18, and their difference l5 i 
what are the numbers ? 

8. James and John have 26 marbles, and James has 4 more 
than John : how many has each ? 

9. Jane and Lucy have 16 books, and Lucy has 8 more 
than Jane : how many has each ? 

10. William bought an equal- number of oranges and 
lemons ; Charles took 5 lemons, after which William had but 
'25 of both sorts : how many did he buy of each ? 

11. Mary has an equal number of roses on eaich of two 
bushes ; if she takes 4 from one bush, there will remain 24 
on both : how many on each at first ? 

12. The sum of two numbers is 20, and their difference 
is 6 : what are the numbers ? 

i 
Analysis. — ^If x denotes the greater number, a; — 6 will 

denote the less, and a; + a; — 6 will be equal to 20 ; hence, 

2a5 equals 20 + 6, or 26, and x equals 26 divided by 2, 

equals 13 ; hence the numbers are 13 and 7. 

2 
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WEHTEN. 

Let X denote the greater; then, 

a; — 6 = the less ; and 

a? -!*- flf — 6 = 20, their sum ; hence, 

2aj = 20 + 6 = 26; or, 

26 , ^ 

05 = --- = 13 ; and 13 — 6 = 7. 

VERIFICATION. 

13 + 7 = 20 ; and, 13 — 7 = 6. 

13. The sum of the ages of a father and son is 60 yeais^ 
and their difTerence is just half that number : what are theii 
ages? 

14. The sum of two numbers is 23, and the larger lacks 
1 of being 7 times the smaller : what are the numbers ? 

'15. The sum of two numbers is 50 ; the larger is equal to 
10 times the less, minus 5 : what are the numbers ? 

16. John has a certain number of oranges, and Charles 
has four times as many, less seven ; together they have 63 : 
how many has each ? 

17. An orchard contains a certain number of apple trees, 
and three times as many cherry trees, less 6 ; the whole num- 
ber is 30 : how many of each sort ? 



LESSON IX. 

1. If a; denotes any number, and 1 be added to it, what 
will denote the sum ? Ans. aj + 1. 

2. If 2 be added to a;, what will denote the sum ? If 3 
be added, what ? If 4 be added ? d?c. 

K to John's marbles, one marble be added, twice his num- 
ber wiU be equal to 10 : how many had he ? 

Analysis. — ^Let x denote the number ; then, a; + 1 will 
denote the number after 1 is added, and twice this number, 
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or 205 + 2, wfll be equal to 10. If 2aj + 2 is equal to 10, 
2x Tvill be equal to 10 minus 2, or 8 ; or x will be equal to 4. 

WRITTEN. 

Let X denote the number of John's marbles ; then, 
X + 1 = the number, after 1 is added ; aid 
2(aj + 1) = 2a5 + 2 = 10 ; hence, 

2a5 = 10 — 2 ; or aj = - = 4. ^ 

VERIFICATION. 

2(4 + 1) == 2 X 6 = 10. 

4. Write x + 2 multiplied by 3. Ans. S{x + 2). 

What is the product ? Ans. Sx+Q. 

6. Write x + 4 multiplied by 5. Ans, b{x + 4). 

What is the product ? Ans. 5x + 20. 

6. Write a; + 3 multiplied by 4. Ans. 4{x + 3). 

What is the product ? Ans. 4a; -f- 12. 

V. Lucy has a certain number of books ; her father gives 
her two more, when twice her number is equal to 14 : how 
many has she ? 

8. Jane has a certain number of roses in blossom ; two 
more bloom, and then 3 times the number is equal to 15 : 
how many were in blossom at first ? 

9. Jane has a certain number of handkerchiefs, and buys 
4 more, when 5 times her number is equal to 45 : how many 
had she at first ? 

10. John has 1 apple more than Charles, and 3 times 
John's, added to what Charles has, make 15 : how many 
has each ? 

Analysis. — ^Let x denote Charles' apples ; then a? + 1 will 
denote John's ; and aj + 1 multiplied by 3, added to a, or 
3a; + 3 + a;, will be equal to 15, what they both had; hence, 
4£B + 3 equals 15 ; and 4a; equpis 15 minus 3, or 12 ; and 
ss 4. Write, and verify. /^ ^ V 
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11. James has two marbles more than William, and twice 
his marbles plus twice William's are equal to 16 : how many 
has each ? 

12. Divide 20 into two such parts that one part shall ex- 
ceed the|Other by 4. 

13. A fruit-basket contains apples, pears, and peaches; 
there are 2 more pears than apples, and twice as many 
peaches as pears ; there are 22 in all : how many of each 
sort? 

14. What is the sum of a? + 3a5 + 2(a; + 1) ? 

16. What is the sum of 2(iB -|- 1) + l(a; + 1) + a? 

16. What is the sum of aj + 5{x + 8) ? 

17. The sum of two numbers is 11, and the second is equal 
to twice the first plus 4 : what are the numbers? 

18. John bought 3 apples, 3 lemons, and 3 oranges, for 
which he paid 21 cents ; he paid 1 cent more for a lemon 
than for an apple, and 1 cent more for an orange than for a 
lemon : what did he pay for each ? 

19. Lucy, Mary, and Ann, have 16 cents; Mary has I 
more than Lucy, and Ann twice as many as Mary ? 



LESSON X. 

1. If aj denote any number, and 1 be subtracted from it, 
what will denote the difference? Ans. a; — 1. 

If 2 be subtracted, what will denote the difference ? If 
3 be subtracted ? 4 ? &c. 

2. John has a certain number of marbles ; if 1 be taken 
away, twice the remainder wilT be equal to 12 : how many 
has he? 

ANALTSis.-»-Let X denote the number ; then, a; — 1 will 
denote the number after 1 is taken away ; and twice this 
number, or 2 (a — 1) = 2aj — 2, will be equal to 12. If 2aj 
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diminished by 2 is equal to 12, 2x is equal to 12 plus 2, or 
14 ; hence, x equals 14 divided by 2, or 7. 

WKllTJiN. 

Let X denote' the number; then, 

« — 1 = the number which remained, and 

2(a; — 1) = 2a; - 2 = 12 ; hence, 

14 
2a; = 12 -f- 2, or 14 ; and a; = — = 7. 

2 

VERIFICATION. 

2(7-1) = 14 - 2 = 12 ; also, 2(7 - l) = 2 X 6 = 12 

3. Writer times as — 1. Ans. S(x — 1). 
What is the product equal to ? Ans% Sx — 3. 

4. Write 4 times a; — 2. Ans. 4 (a; — 2), 
What is the product equal to ? Ans. Ax — 8. 

6. Write 5 times x — 6. Ans. h{x — 5). 

What is the product equal to ? Ans. bx — 25. 

6. If a; denotes a certain number, will a; — 1 denote a 
greater or less number ? how much less ? 

7. If a; — 1 is equal to 4, what will x be equal to ? 

Ans. 4 + 1, or 6. 

8. If a; — 2 is equal to 6, what is x equal to ? 

9. James and John together have 20 oranges ; John has 
d le^s than James : how many has each ? 

10. A grocer sold 12 pounds of tea and coffee ; if the tea 
be diminished by 3 pounds, and the remainder multiplied by 
2, the product is the^number of pounds of coffee : how many 
pounds- of each ? * 

11. Ann has a certain number of oranges; Jane has 1 less, 
and twice her number added to Ailn's make 13 : how "many 
has each ? 

Analtsis. — ^Let x denote the number of oranges which 
Ann has; then, x — \ will denote the number Jane has, 
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and 05 + 2aj — 2, or Bx — 2, will denote the number both 
have, which is 13. If 3aj — 2 equals 13, Sx will be equal 
to 13 + 2, or 15 ; and if 3aj is equal to 15, x will be equal 
to 15 divided by 3, which is 5 : hence, Ann has 5 oranges 
and Jane 4. 

WKilTEN. ' 

Let x denote the number Ann has ; then, j 

X — 1 = the number Jane has ; and ! 

2(a;»— 1) = 2a5 — 2 = twice what Jane has; also, j 

« 4- 2a5 — 2 = 3a5 — 2 = 13 ; hence, | 

16 
3a5 :^ 13 + 2 = 15 ; or 05 = — = 6. 

VERIFICATION. 

6 — 4 = 1; and 2x4 + 6 = 13. 

12. Charles and John have 20 cents, and John has 6 less 
than Charles : how many has each ? 

13. James has twice as many oranges as lemons in his bas- 
ket, and if 5 be taken from the whole number, 19 will re- 
main : how many had he of each ? 

14. A basket contains apples, peaches, and pears ; 29 in 
all. If 1 be taken from the number of agples, the remainder 
will denote the number of peaches, and twice that remainder 
will denote the number of pears : how many are there of 
each sort ? 

15. If 2a; — 5 equals 15, what is the value of ib? 

16. If 4a5 — 5 is equal to 11, what is the value of aj? 

17. If 605 — 12 is equal "lo 18, what is the value of a;? 

18. The sum of two numbers is 32, and the greater ex- 
ceeds the less by 8 : what are the numbers ? 

19. The sum of 2 numbers is 9 ; if the greater number 
be diminished by 5, and the remainder multiplied by 3, the 
product will be the less number : what are the numbers? 

20. There are three numbers such that 1 taken from the 



MENTAL BXEB0IBB8. SI 

first will give the second ; the second multiplied by 3 "will 
give the third ; and their sum is equal to 26 : what are the 
numbers ? 

21. John and Charles together have just 31 oranges; if 
1 be taken from John's, and the remainder be multiplied by 
/5, the product will be equal to Charles' number : how many 
has each ? 

22. A basket is filled with apples, lemons, and oranges, in 
all 26 ; the number of lemons exceed the apples by 2, and 
the number of oranges is double that of the lemons : how 
many are there of each ? 



LESSON XL 

1. John has a certain number of apples, the half of which 
is equal to 10 : how mxiny has he ? 

Analysis. — ^Let x denote the number of apples; then, 
X divided by 2 is equal to 10 ; if one half of x is equal to 
10, twice one-half of jc, or cc, is equal to twice 10, which is 
20 ; hence, x is equal to 20. 

Note. — ^A similar analysis is applicable to any one of the 
fractional units. Let each question be solved according to 
the analysis. 

2. John has a certain number of oranges, and one-third of 
his number is 15 : how many has he ? 

8. If one-fifth of a number is 6, what is the number? 

4. If one-twelfth of a number is 9, what is the number ? 

5. What number added to one-half of itself will give a 
Bum equal to 1 2 ? 

Analysis. — ^Denote the number by X] then, x plus one- 
half of X equals 12. But x plus one-half of x equals three 
halves of x: hence, three halves of x equal 12. If three 
halves of x equal 12, one-half of x equals one-third of 12, 
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or 4. If one-half of x equals 4, x equals twice 4, or 8 • 
hence, x equals 8. 

WBTITEN. 

Let x denote the number; then, 

1 3 

a + -a; = ^ = 12 ; then, ^ 

-SB = 4, or aj = 8. 
Verification. 
8 + ^ = 8 + 4 = 12. 

6. What number added to one-third of itself will give a 
Bum equal to 12 ? 

7. What number added to one-fourth of itself will give 
a sum equal to 20 ? 

8. What number added to a fifth of itself will make 24? 

9. What number diminished by one-half of itself will 
leave 4 ? Why ? 

10. What number diminished by one-third of itself wiQ 
leave 6 ? 

11. James gave one-seventh of his marbles to William, 
and then has 24 left : how many had he at first ? 

12. What number added to two-third? of itself will give 
a sum equal to 20 ? 

13. What number diminished by three-fourths of itself 
wiQ leave 9 ? 

14. What number added to five-sevenths of itself will 
make 24 ? 

15. What number diminished by seven-eighths of itself 
will leave 4 ? 

16. What number added to eight-ninths of itself will 
make 34 ? 
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. CHAPTER I. 

DEFINITIONS AIO) EXPLANATORY SIGNS. 

1. Quantity is anything that can be measured, as num- 
ber, distance, weight, time, &o. 

To measure a thing, is to find how many times it contains 
some other thing of the same kind, taken as a standard. The 
assumed standard is called the unit of measure, 

2. Mathematics is the science which treats of the pro- 
perties and relations of quantities. 

In pure mathematics, there are but eight kinds of quantity, 
and consequently but eight kinds of Units, viz. : Units of 
Number; Units of Currency ; Units of Length; Units of 
Surface; Units of Volume; Units of Weight; Units of 
TiTne; and Units of Angular Measure, 

3. Algebra is a branch of Mathematics in which the 
quantities considered are represented by letters, and the 
operations to be performed are indicated by signs. 

1. What is quantity ? What is the operation of measuring a thing f 
What is the assumed standard called ? 

2. What is Mathematics ? How many kinds of quantity are there iu 
the pure mathematics ? Name the units of those quantities. 

8. What is Algebra? 
1* 
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4. The quantities employed in Algebra ai*e of two kindS| 
Knovm and Unknown : 

Known Qicantities are those whose values are given; 

and 
TTnknovm Quantities are those whose values are re- 
quired. 
K^iown Quantities are generally represented by the lead- 
ing letters of the alphabet, as, a, 5, c, &c. 

Unknown Quantities are generally represented by tho 
final letters of the alphabet ; as, x^ y, 2;, &c. 

When an unknown quantity becomes known, it is often 
denoted by the same letter with one or more accents ; as, 
a;', a;", a;". These symbols are read: x prime; x second; 
X thirds €&c, 

5. The Sign op Addition, +, is called pli^. When 
placed between two quantities, it indicates that the second 
is to be added to the first. Thus, a + 5, is read, a plus 5, 
and indicates that b is to be added to a. If no sign is 
Written, the sign + is understood. 

The sign +, is sometimes called the positive sign, and the 
quantities before which it is written are C3\ied positive quan- 
tities^ or additive quantities, 

6. The Sign of Subtraciion, — , is called minus. When 
placed between two quantities, it indicates that the second 
is to be subtracted from the first. Thus, the expression, 

4. How many kinds of quantities are employed in Algebra ? How are 
they distinguished ? IVhat are known quantities ? What are unknown 
quantities ? By what are the known quantities represented ? By what 
are the unknown quantities represented ? When an unknown quantity 
becomes known, how is it often denoted? 

6. What is the sign of addition called? When placed between two 
luantities, what does it indicate ? 

6. What is the sign of subtraction called ? When placed between two 
quantities, what does it indicate ? 
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c — di rod c minus d^ indicates that d is to be subtracted 
from c. il a stands for 6, and d for 4, then a — o? is equal 
to 6 ~ 4, which is equal to 2. 

The sr.gn — , is sometimes called the negative sign, and the 
quantities before which it is written are called negative quan- 
^Aties^ or aubtractive qtcantities. 

7. The Sign op Multtpijcation, x, is read, nmltipUed 
b^y or into. When placed between two quantities, it indi- 
cates that the first is to be multiplied by the second. Thus, 
a X b indicates that a is to be multiplied hj b. If o stands 
for 7, and b for 6, then, a X b is equal to 7 X 5, which is 
equal to 35. 

The multiplication of quantities is also indicated by simply 
writing the letters, one after the other ; and sometimes, by 
placing a point between them ; thus, 

a X b signifies the same thing as aJ, or as a,b. 

a X b X c signifies the same thing as abc, or as a.b.c, 

8* A Factor is any one of the multipliers of a product. 
Factors are of two kinds, numeral and literal. Thus, in the 
expression, Babc^ there are four factors : the numeral &iGtOTy 
5, and the three literal factors, a, ^, and c. 

9. The Sign of Division, -i-, is read, divided by. When 
written between two quantities, it indicates that the first is 
to be divided by the second. , 

V. How is the sign of multiplication read ? When placed between two 
quantities, what does it indicate ? In how many ways may multiplication 
be indicated ? 

8. What Is a factor ? How many kinds of factors are there ? How 
many factors are there in Zabc ? 

9. How is the sign of division read ? When wiitten between two quan- 
tities, what does it indicate ? How many ways are there of indicating 
dlTigion? 
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There are three signs used to denote division. Thus, 
a -7- b denotes that a is to be divided by 5. - ' 
j^ denotes that a is to be divided by b. 

a I b denotes that a is to be divided by b. 

10. The Sign of Equality^ =, is read, eqital to. Wlien 
written between two quantities, it indicates that they are 
ei^ual to each other. Thus, the expression, a + ft = c, in- 
dicates that the sum of a and ft is equal to c. If a stands 
for 3, and ft' for 5, c vrill be equal to 8. 

11. The Sign of Inequalttt, > <, is rfead, greater 
than^ or less than. When placed between two quantities, 
it indicates that they are unequal, the greater one being 
placed at the opening of the sign. Thus, the expression, 
« > ft, indicates that a is greater than ft ; and the expres- 
sion, <C d, indicates that c is less than d. 

1^. The sign . • . means, therefore^ or consequently, 

18* A Coefficient is a number written before a quan- 
tity, to show how many times it is taken. Thus, 

a + a + a + a + a = ba^ 

in which 5 is the coefficient of a. 

A coefficient may be denoted either by a numher^ or a 
letter. Thus, bx indicates that x is taken 6 times, and ax 

10. What is the Bign of equality ? When placed between two quanti 
tics, what does it indicate ? 

11. How is the sign of inequality read? Which ^quantity is placed on 
the side of the opening ? 

12. What does .*. indicate? 

18. What is a coefficient ? How many times is a taken in 6a. By 
what may a" coefficient be denoted ? If no coefficient is written, what 
coefficient is understood ? In box, how many times is ax taken ? How 
vany times is x taken ? - 
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indicates that x is taken a times. If no coefficient is writ- 
ten, the co^cient 1 is understood. Thus, a is the same 
as la.' (q flC\^ 

14. An Exponent is a number written at the right and 
above a quantity, to indicate how many times it is taken as 
a fector. Thus, 

a X a is written a', 

a X a X a " a^, 

a y. a y. a y. a " a*, 
&c., <fec., 

m which 2, 3, and 4, are eacfponents. The expressions are 
read, a square, a cube or a third, a fourth ; and if we have 
o", in which a enters m times as a factor, it is read, a to 
the mth, or simply a, mth. The exponent 1 is generally 
omitted. Thus,,a^ is the same as a, each denoting that a 
enters but Once as a factor. 

15. A Power is a product which arises from the multi- 
plication of equal factors. Thus, 

a X a = a^ is the square, or second power of a. 
a X a X a = a^ is the cube, or third power of a. 
aXa^xaxa = a*, is the fourth power of a, 
a X a X . . . . = a* is the mth power of a. 

16. A Root of a quantity is one of the equal factors. 
The radical *ign, ^J , when placed over a quantity, indi- 
cates that a root of that quantity is to be extracted. The 
root is indicated by a number written over the radical sign, 

14. What is an exponent? In a', how many times is a taken as a fac- 
tor? When no exponent is written, what is understood? 

15. What is a power of a quantity? What is the third power of 2? 
Of 4? Of 6? 

16. What is the root of a quantity?* What indicates a root? What 
indicates the kind of root ? What is the index of the square root? Of 
the cube root ? Of the wth root ? 
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called an index. When the index is 2, it is generally omit- 
ted. Thus, 

^/o, or y/ciy indicates the square root of a. 
^^ indicates the cube root of a. 
\/a indicates the fourth root of a. 
^ ^n/a indicates the with root of a. 

17. An Algebraic Expkession is a quantity wiitten in 
algebraic language. Thus, 

g \ is the algebraic expression of three times 

( the number denoted by a ; 
g • J is the algebraic expression of five times 
( the square of a ; 

( is the algebraic expression of seven times 
*la^V^ \ the the cube of a multiplied by the 
( square of 6 ; 

( is the algebraic expression of the differ- 

8a — 55 •< ence between three times a. and five 

( times h"^ 

is the algebraic expression of twice the 

square of a, diminished by three times 

the product of a by J, augmented by 

four times the square of h. 

18. A Term is an algebraic expression of a single quan- 
tity. Thus, 3«, 2«5, — Sa^J^, are terms. 

19. The Degree of a term is the number of its literal 
factors. Thus, 

g j is a term of the first degree, because it contains but 
\ one literal fe,ctor. 

17. What is an algebraic expres&ioD 

18. What ia a term? 

1 9. What is the degree of a term ? What determiaes the degree of a term f 



2a« — 3fl* + 462 



\ 
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g 2 j is of the second degree, because it contains two lite- 
( ral factors. 

f is of the fourth degree, because it contains four literal 
7a^b < factors. The degree of a term is determined by 
( the sum of the exponents of all its letters. 

20. A Monomial is a single term, unconnected with any 
other by the signs + or — ; thus, Sa\ 36'a, are monomials. 

31. A Polynomial is a collection of terms connected 
by the signs + or — ; as, 

3a — 6, or, 2a^ — 35 + 4b\ 
92. A Binomial is a polynomial of two terms ; as, 

a + b, 3a2 — c^, eab — c\ 
33. A Tbinomial is a polynomial of three terms ; as, 

abc — a^ -i- c^^ ab — gh — f. 

94 • Homogeneous Terms are those which contain the 
same number of literal factors. Thus, the terms, al^Cj — a', 
+ c^ are homogeneous ; as are the terms, ab^ — gh, 

95. A Polynomial is homogeneous, when all its terms 
aio homogeneous. Thus, the polynomial, abc — a^ + c^^ is 
homogeneous ; but the polynomial, ab — ffh ~-f is not ho- 
mogeneous. 

96. SiMiLAB Terms are those which contain the same 
literal factors affected with the same exponents. Thus, 

*rab + Sab — 2a5, 

20. What is a monomial f 

21. What is a polynomial? 
92. What is a binomial? 

23. What is a trinomial? 

24. What are homogeneous terms ? 

~ 9i6. When is a polynomial homogeneotu f 
26. What are aitTular terms? 
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are «>^ jilar terms ; and so also are, 

but the terms of the first polynomial and of the last, are not 
similar. 

ay. The VmcuLUM, , the Bar \ , the Paren' 

thesis^ ( ) , and the Brackets^ [ ] , are each used to con- 
nect several quantities, which are to be operated upon in the 
pame manner. Thus, each of the expressions, 

a X 
flT+ynTc X SB, + h {a + b + c) X as, 

+ c 
and [a + b + c] x aj, 

indicates, that the sum of cr, &, and c, is to be multiplied 
by X. 

98. The Reciprocal of a quantity is 1, divided by that 
quantity; thus, 

1 1 c 

a' a + y d' 
are the reciprocals of 

c 
29. The Numerical Value of an algebraic expression, 
is the result obtained by assigning a numerical value to each 
letter, and then performing the operations indicated. Thus, 
the numerical value of the expression, 

aft + 5c 4- <?, 
when, a = 1, 6 = 2, c = 3, and e? = 4, is 
1X2 + 2x3 + 4 = 12; 

by pei-forming the indicated operatictns. ■ , . ^/ 

27. For what is the Tinoular used ? Point out the other ways il whid 
this-may be done ? ^ 

28. What is the reciprocal of a quantity? 

29.. What is the nmnorical value rf an algebraical expression? 
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EXAMPLES IN WRITING ALGEBRAIC EXPRESSIONS. 

1. Write a added to b. Am. a + b. 

2. Write b subtracted from a. Ana. a ^ b* 

Write the following : 

3. Six times the square of a, minus twice the square of b. 

4. Six times a multiplied by J, diminished by 5 times c 
cube multiplied by d. 

5. Nine times «, multiplied by c plus d, diminished by 

8 times b multiplied by d cube. 

6. Five times a minus b, plus 6 times a cube into ft 
cube. 

I. Eight times a cube into d fourth, into c fourth, plus 

9 times c cube into d fifth, minus 6 times a into by into o 
square. 

8. Fourteen times a plus ft, multiplied by a minus ft, 
plus 5 times a, into c plus d. 

9. Six times a, into c plus <?, minus 5 times ft, into a plus 
c, minus 4 times a cube ft square. 

10. Write a, multiplied by c plus dy plus y^ minus g, 

II. Write a divided by ft 4- c. Three ways. 

12. Write a — ft divided by a + ft. 

13. Write a polynomial of three terms; of four terms; of 
five, of six. 

14. Write a homogeneous binomial of the first degree; of 
the second ; of the third ; 4th ; 5th ; 6th. 

15. Write a homogeneous trinomial of the first degree; 
with its second and third terms negative; of the second 
degree; of the 3rd; of the 4th. 

16. Write in the same column, on the slate, or black-board, 
a monomial, a binomial, a trinomial, a polynomial of four 
terms, of five terms, of six terms and of seven terms, and all 
of the same d-egree. 
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Find the nmnerial values of the following expressions, 
when, 

a=l, 6 = 2, c = 3, <?=.4. 

1. ab + be. 

2, a •]- be + d. 
8. <zd -\- b — c. 

4. ab + be ^ c[. 

5. (a 4- &) c* - A 

6. {a + 6) (c? - 6.) 

7. {ab + at?) c + <?. 

8. {aib -f ^) (adf — a). 

9. 3a262 - 2(a + rf + 1). 

10. ^ X (a + (?) 

g^ 4- 6^ + c- a3 + ft3 4- c3 - rf 



12. 



7 2 

6 ^ 33 



^n^. 


8. 


-4w5. 


11a 


A71S, 


3. 


Ans. 


4. 


Arts, 


23. 


Ans. 


6. 


Ans. 


22. 


Ans. 


15. 


Ans. 


0, 


Ans. 


10. 


Ans. 


82. 


Ans. 


4. 



Find the numerical values of the following expressions, 
when, 

« = 4, 6 = 3, c = 2, and J = 1. 

13. r- — - + c — df. -4n5. 2. 

2 3 

15. [(a26 + l)c?] -r (a^^ + c?). Ans. 1. 

16. 4fa6c - x) X (30c3 — aJ^c?^). ^n^. 11088. 

,*. a + 6 + c , a6cc? , 4a3+62-c?a . 

^^- ^T: M--^ + -d^- + — 6C-+6 - • ^^'- ''*• 

,8. L^i^^ti) - ?^% A X a363e3rf3. ^^. 3465. 
Sc' 2 a^a 
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CHAPTER n. 

FX71TDA1CBNTAL 0PEBATI0K8. 
ADDITION. 

30. Addition is the operation of finding the simplest 
equivalent expression for the aggregate of two or more 
algebraic quantities. Such expression is called their Sum. 

When the terms are similar and have like signs. 

+ a 

81. 1. What is the sum of a, 2a, 3a, and 4a ? -f 2a 

Take the sum of the coefficients, and annex the j^ 3^ 

literal parts. The first term, a, has a coefficient, j^ a^ 

1, understood (Art. 13). 



2. What is the sum of 2aJ, 3aJ, 6aJ, and ab. 
When no sign is writtten, the sign + is under- 
stood (Art 6). 



Add the following : 

(3) (4.) 

a 8a5 

a lab 



+ 10a 

2ab 

Bab 

6ab 

ab 



\2ab 



+ 2a 



Ibab 



(5.) 
^ac 
hac 

I2ae 



(6.) 

+ ^abc 
Zabc 

-f lobe 



80. What is addition? 

81. What is the rule for addition when tlie terms, are similar and havv 
Bkeiignst 
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O') (8.) (9.) (10.) 

— Babe — Sad — 2adf — dabd 
-- 2abc — 2a^ — 6a^ — 15abd 

— 5abc — 6adf — Sad/ — 24a^c? 
Hence, ^i^en the terms are similar and have like signs : 

BULB. 

Add the coefficients^ and to their sum prejix th^ common 
sign ; to thia^ annex the common literal part. 

EXAMPLES. 

(11.) (12.) (13.) 

9ab + ax Qac^ — 3^ IBab^c^ — 12aW 

Bab + Box lac^ — Sb^ 12ab^c^ — Uabc^ 

12ab + ^ax Bac^ — 95^ ab^c^ -■ abc^ 

/^ When the terms are similar and have unlike signs. 

(o(r>v., . .... 

32. The signs, + and — , stand in direct opposition to 
each other. 

If a merchant writes + before his gains and — before his 
losses, at the end of the year the sum of the plus numbers 
will denote the gains, and the sum of the minus numbers 
the losses. If the gains exceed the losses, the difference^ 
which is called the algebraic sum^ will be plus ; but if the 
losses exceed the gains, the algebraic sum will be minus. 

1. A merchant in trade gained $1600 in the first quarter 
of the year, $4000 in the second quarter, but lost $3000 in 
the third quarter, and $800 in the fourth : what was the re- 
sult of the year's business ? 

1st quarter, + 1500 33 quarter, — 3000 

2d " 3000 4th " — 800 

+ 4500 — 3800 

+ 4500 — 3800 = + 700, or $700 gain. 

S2. What is the role when the terms are similar and have unlike signs f 
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2. A merchant in trade gained $1000 in the first quarter, 
and $2000 the second quarter ; in the third quarter he lost 
$1500, and in the fouith quarter $1800 : what was the result 
of the year's business ? 

1st quarter, + 1000 8d quarter — 1500 

2d " + 2000 4th " — 1800 

+ 3000 - 3300 

+ 3000 — 3300 = — 300, or $300 loss. 

3. A merchant in the first half-year gained a dollars and 
lost h dollars ; in the second half-year he lost a dollars and 
gained h dollars : what is the result of the year's business ? 

1st half-year, 4- a —ft 

2d « — a -f h 

Result, 

Hence, the algebraic sum of a positive and negative quanr 
tity is their arithmetical difference^ with the sign of the 
greater prefixed. Add the following: 

8aJ 4acJ2 — 4a2JV 

Zab — 8ac*« + ^aWc^ 

~ 6a5 acV^ — 2a^5V 

hob — 3ac52 

Hence^ when the terms are similar and have unlike signs : 

I. Write the similar terms in the same column : 
IL Add the coefficients of the additive terms^ and also 

the coefficients of the suhtractive terms : 
UL Take the difference of these sums^ prefix the sign 

of the greater^ and then annex the literal part, 

EXAMPLES. 

1. What is the sum of " 

2aaft3 _ ^a^ +1aW + ^a^¥ ^ llaW? 
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Haying written the similar terms in the same 
column, we find the smn of the positive coeffi- 
cients to be 15, and the sum of the negative 
coefficients to be — 16 : their difference is — 1 ; 
hence, the sum is — a^\ 

2. What is the sum of 

Sd^i + 5a^b — Ba^b + 4a^b — 6a«» — a'J? Ana. 2a^b. 

3. What is the sum of 

I2a^bc^—4a^bc^+ 6a^<^- Sa^€^+ Ua^bc^? Ans. iTa^W. 

4. What is the sum of 

ia^b - ed^b - 9a2J + iia^^? Ans. — 2a^b. 

6. What is the sum of 
"labc^ — abc^ — labc^ + 8abc^ + Gabd^? Ans. ISabc^. 

6. What is the sum of 
9cJ3- 6c53- 8ac2+ 20cb^+ 9a/- 24c&3? Ans. + ao\ 



To add any Algebraic Quantities. 

lO /-t^g. 1. What is the sum 6f 3a, 6 J, and - 2c? 
Write the quantities, thus, 

8a + 55 — 2c; 

which denotes their sum, as there are no similar terms. 

2. Let it be required to find the sum of the quantities, 
2a* ' 4a5 
Za^ -r Zah + ft» 
2a5 — 5^ 
ba'^ — bob — 452 



8S. What is the rule for the addition of aay algebraic quantities? 
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From the preceding examples, we hare^ for the addition 
of algebraic quantities, the following 

BULB. 

I. Write tJie quantities to he added^ placing similar terms 
in the sams calumny and giving to each its proper sign : 

n. Add up each column separately and then annex the 
dissimilar terms with their proper signs, 

BXAMPLES. 

1. Add together the polynomials, 
3a2 - 2&2 - 4abj Sa* - &» + 2a&, and 3a* - 3c» — 28*. 



The term Sa^ being similar to 
5a\ we write Sa^ for the result 
of the reduction of these twQ ^ 
terms, at the same time slightly 
crossing them, as in the first term. 



3^2 _ 4^j _ 2j5^ 

8a2 + oft - 6*2 - 3c» 



Passing then to the term — 4a*, which is similar to 
+ 2a* and + 3a*, the three reduce to + «*, which is 
placed after 8a^, and the terms crossed like the first term. 
Passing then to the terms involving h\ we find their sum 
to be — 6*2, after which we write — 30^. 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted. 

(2.) (3.) (4.) 

^ahc + 9aaj 8aa^-t 3* 12o - 6c 

— 3a*c — 3aa5 hax — 9* — 3a — 9g 

4a*c + 6aa5 13aa — 6* 9a — 15c 

Note. — ^If a = 5, ft = 4, c =; 2, aj = 1, what are the 
nmnerical values of the several sums above found ? 
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(5.) (6.) . (7.) 

9a + / Qax — Sao Baf + g + m 

^ Qa + g — 7aa5 — 9ac ag — Zaf — m 

— 2a — / 005+ I7ac a^ — ag + Bg 



(8.) 


(9.) 


Vaj + 3a& + 3c 


8a;2 + 9aca5 + ISa^^c^ 


— 3a5 -- Sab — 5c — 


1x^ - 13acaj + Ua'b^i^ 


6a5 — 9a^ — 9c — 


4x^ + 4aca; — 20aWc^ 


(10.) 


(11.) 


22h - 3c - 7/ + 3^ 


19aA? + Sa^'b* - 8(Mj3 


3A + 8c — 2/ — 9^ + 5x 


- 11 ah^ - 9a35* + eaa;^ 


(12.) 


(13.) 


7aj — 9y + 6a 4- 3 — g 


Sa+ b 


jB — 3y - 8 — ^ 


2a — 5-1- c 


«+ y — 32 + 1+7^ 


- 3a -♦- ft + 2df 


2a5 + 6y + 32 — 1 — ^ 


— 65 - 3c + 3rf 



14. Add together — ft + 3c — rf — 116c + 6/ — 6^, 8& 
..-. 2c — 3c7 - c + 27/, 6c -^8rf -f 3/ - 1g, ^ 7ft -- 6c 
+ lid + 9c - 5/-f 11^, - 3ft - 6<? - 2c + 6/- 9^ -f A. 

Ans. — 8ft — 109c -♦- 37/ - 10^ + ^i* 

15. Add together the polynomials la^b — 3aftc ,— Sft^c 

— 9c3 -f cd% Sabc — 5a^b + Sc^ — 4b^c + cc?«, .and 4a2ft 

— 8c3 + 9ft2c — 3df3. 

^ns. ea^ft + 6aftc — 3ft2c — l^c^ + 2cd^ — Sd^. 

16. Wliat is the sum of,^ 5a^c + 6bx — 4af, — 3a2ftc 

— 6ftfi3 + 14a/, - af'\- 9bx V 2a^bc, + 6a/ — Sfta; + 6a2ftc? 

Ans. lOa^ftc + bx + 16a/. 

• 17. What is the smn of aW -f 3a3m + ft, — 6a2n2 

— 6a^m — ft, -f- 9ft - 9a3m - ba^n^ ? 

-4w5. - 10tt»w' — 12a3m + 9ft. 
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18. What is the sum of ^a^V^c — 16a*a; — Ooic'rf, 
-h ^aWc - 6aa;3J -|- i7a% + \^cuy?d - a*aj — 9aWc? 

u4n5. a^ft^c + aa?d. 

19. What is the sum of — 7^ + 3& + 4^ — 2J + 3^ 

— 35 + 25? j:n«. 0. 

20. Wliat is the sum of, ah H- Zxy — m — n^ — Qxy 

— 8m +.lln + cdy + 3ajy + 4m — lO/i +/<7? 

-47W. aft + erf 4- ^. 

21. What is the sum of 4a5y + n + 6aa; + 9am, — Gay 
+ 6n — 6iaa; — 8am, 2xy — In + ax ^ am? A7is. + ax. 



(22.) 


(23.) 


(24.) 


2(o + 6) 


6(a» - c«) 


9(c« - fl/») 


S{a + b) 


- 4(a« - c«) 


7(C3 _ <^) 


2(a + b) 


- l(a' - c^) 


- 10(c» - qf) 



1{a + ft) 6(c3 - a/3) 

Note. The quantity within the parenthesis must be 
regarded as a single quantity. 

26. Add 3a(^2 _ ^2) _ 2a(^2 _ ;^2) 4. 4^(^2 _ ^2) 
f- 8a(^3 _ ;^2) _ 2a(^» - h% Ans. lla{g^ - h^). 

26. Add 3c(a2c — ft^) - 9c{a^c - ft^) — 1c{a^e — ft^) 
+ 15c{a^c — ft2) + c(a2c - ft^). Ans. Sc{a^c - ft^). 

34. In algebra, the term add does not always, as in 
arithmetic, convey the idea of augmentation ; nor the term 
«Mm, the idea of a number numerically greater than any of 
the numbers added. For, if to a we add — ft, we have, 
a — ft, which is, arithmetically speaking, a difference be- 
tween tly number of imits expressed by a, and the number 

84. Do the words add and sum, in Algebra, convey the same ideas aa 
in Arithmetic. What is the algebraic sum of 9 and — 4 ? Of 8 and 

— 2 ? May an algebraic sum be negative ? What is the sum of 5 and 

— 10? How are such sums distinguished from arithmetical sumsf 

3 
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of units expressed by h. Consequently, this result is nu» 
merically less than a. To distinguish this sum from an 
arithmetical sum, it is called the algebraic ^um. 



SUBTRACTION. 

35. SuKTEAcnoN is the operation of finding the differ- 
ence between two algebraic quantities. 

36. The quantity to be subtracted is called the Subtra- 
hend ; and the quantity from which it is taken, is called the 
Minuend. 

The difference of two quantities, is such a quantity a^ 
added to the subtrahend will give a sum equal to the min- 
uend. 

EXAMPLES. 

1. From 17a take 6a. 



In this example, 17a is the minuend, and Ga 
the subtrahend: the difference is 11a; because^ 
11a, added to 6a, gives 17a. 



OPEBATIOZr. 

17a 

6a 

11a 



The difference may be expressed by writing the quantities 

thus: 

17a — 6a = 11a; 

in which the sign of the subtrahend is changed from -h 
to — . 



2. From 15aj take — dx. 

The difference^ or remainder, is such a quantity, 
as being added to the subtrahend, — 9ic, will 
give the minuend, 15a;. That quantity is 24iB, 
and may be found by simply changing the sign 



OPBnATioir. 

15a! 

— 9a; 

24a! 





OPZRATIOll. 

lOax 

4- a 


- h 


Rem. 
add 


lOax 


— a 





lOaic 
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of the snbtrahend, and adding. Whence, we may \nite, 
15a; — (— 9a;) = 24a;, 

3. From lOoa; take a — ft. 

The difference^ or remainder^ is such a quantity, as adde< 
to a — J, will give the minuend, lOaa;: what is that quan 
tity? 

If you change the signs of both 
terms of the subtrahend, and add, 
you have, lOaa; — a -\- h. Is tliis 
the true remainder ? Certainly. 
For, if you add the remainder to 
the subtrahend, a — h^ you obtain 
the minuend, \^ax. 

It is plain, that if you change the signs of all tlie terms 
of the subtrahend, and then add them to the minuend, and 
,to this result add the given subtrahend, the last sum can be 
no other than the given minuend ; hence, the first result is 
the true difference, or remainder (Art. 36). 

Hence, for the subtraction of algebraic quantities, we have 
the following 

EULE. 

I. Write tlie terms of the subtrahend under th^e of the 
minuend., placing similar terms in the same column : 

II. Conceive the signs of all the terms of the subtrahend 
to be changed from -f ^o — , or from — to +^ and tlien 
proceed as in Addition. 



• 


EXAMPLES 


OP 


MONOMIALS. 






(1.) 




(2.) 


(3.) 


From 


Zab 




Qax 


^abc 


take 
Rom. 


2ah 
ah 




Zax 
Zax 


labc 

2abc 1 



52 



2LBMENTART ALaSBBA. 



From 
. taks 
Bern. 



From 
take 
Bern. 






(6.) 



(6.) 



naWe 


\^aWc 


IWb^ 


('•) 


(8.) 


W 


Zax 


^ahx 


2am 


8c 


9ac 


ax 



10. 

11. 

12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
20. 



From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
FroiP 



Zax — 8c Atdbx — 9ac 

9a2J2 take Za^b\ 
IQa^ take — I5a^. 
12aV take Qa*y\ 
l^a^Q^y take — ISa^a^y. 



2am 



ax 



Arts. 6a2J», 

Ana. 31a2ay. 

Ans. 4a*y'. 

-4w5. Zla^Q^y. 

Am. Za^b^ — Sa^ft^. 

Ana. la^h^ — 6a*J». 

Ana, Zx^y^ — xy. 

Ana. Sa^y'-^x — a^ 

Ana. \2a^b\ 

Ana. 84a2y*. 

-4n5. — 40a*^*. 

Ana. x^y*, 

— Ala^x^y take — 5aVi/. u4n«. — 42a^x^. 

— 94a2a52 take Sa^a?*. ^^, _ 97a2aj^ 
a + «* take — y\ Ana. a + x^ +.y3. 
a^ + b^ take — a^ — 5^. u4n« 2a3 + 2^3. 

— Ida^a^y take — 19a^y. Ana. + Za^y. 
a» — a* take a^ + ^. Ana. — 2i^. 



3a253 take 3a3J2. 
7a25* take 6a*52. 
3a52 teke a^¥. 
Q?y take y^g., 
3a5'y3 take ocy. 
Ba^y^x take a^2. 
9a^^ take — Sa^^^^ 
14a2y2 take — 20aV- 
— 24a*i« take 16a*J^ 
- 13a;V take — 14a;V- 
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OENEBAL EXAMPLES. 



(1-) flj (1-) 

Prom 6ac — 5ab + c^ • « ^ 6<zc — Bab + c* 

take 3ac -h Sab -{-1c g p __ 3ac — 3a& — 7c 



Rem. 3ac - 8a5 + c^ — 'Ic.^itt 3ac - 8ai + c'^ — 7a 

(2.) (3.) 

From 6ax — a + 3^2 gya; _ 33.2 ^ 55 

take 9aa; --as + ^^ ya — 3 -fa 

Rem. — Sax — a -f a; -f 2 J^ 5i/x — 3a;2 -f- 3 -f 6& — a* 

(4.) (5.) 

From 6a^'-4a^b+ Sb^c 4ab — cd+Sa^ 

take — 2^3 + sa^j — 8i% 60?^ - 4cdf + Sa^ -f 5&» 

Rem. 7a3 — 7a25+ 1152c. — aft -f 3(X? - 5ft2. 

6. From a + 8 take c — 6. -4n«. a — c + 13. 

7. From Oa^ — 15 take 9a^ + 30. Arts. — Sa^ — 45. 

8. From Qxy — 8aV take — 7icy — aV. 

v/ ^725. 13a;y — *7a^c^ 

9. From a + c take — a — c. -4/w. 2a + 2c. 

10. From 4(a -f b) take 2(a -f J). Ans. 2(a + ft). 

11. From 3(a + a;) take (a + x). Ans. 2(a -f x). 

12. From 9(a2 — x^) take - 2(a2 — x"^). 

Ans. 11 (a2 — a^) 

13. From ea^ — 15ft2 take — 3a2 + 9ft2. 

Am. 9a2 — 24ft2. 

14. From 3a»» — 2ft« take a« — 2ft». Ans. 2a'". 

15. From 9c^m^ — 4 take 4 — 7c2m2. Ans. led^m? — 8. 

16. From 6am + y take 3am — x. Ans. Sam + a; + y. 

17. From Saa take 3a« — y. -4n*. + y. 
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18. From — 7/ + 3m — 8a; take — 6/ — 5m ^ 2a; + 
Zd + 8. Ans, — /+ 8m — 6a; — 3c? — 6. 

. 19. From — a — 5b -h la + d take 4b '— c -h 2d + 2Jc. 
Ans. —a — 9J + 8C — c? — 2h 

20. From — 3a + ^ — 8c + Ye — 6/+ 3A - 7a; — 13^ 
take A: + 2a — 9c + 8e — 7a; + 7/ — y — 3? — ^. 

^715. — 6a + ft + c - e — 12/ + 3/i - 12y + 3?. 

21. From 2a; — 4a — 2ft + 5 take 8 — 6ft + a + 6a;. 

^4^5. — 4a; — 6a + 3ft — 3. 

22. From 3a-hft + c — df— 10 take c + 2a — d, 

Ans. a + ft — 10. 

23. From 3a + ft + c — c?— 10 take ft — 19 + 3a. 

Ans. c — c? -F 9. 

24. From a^ + 3ft2c + aft^ — abc take ft^ + aft^ - abc. 

A91S. o? -f 3ft2c — ft^. 

25 From 12a! + 6a — 4ft 4- 40 take 4ft — 3a + 4a; -f 

^d — 10. Ans. 8a; + 9a — 8ft — 6c7 + 60. 

26. From 2a; — 3a + 4ft + 6c — 50 take 9a + a; -f 6ft 

— 6c - 40. Ans. x — 12a — 2j + 12c — 10. 

27. From 6a — 4ft — 12c + 12a; take 2a; — 8a + 4ft 

— 6c. Ans. 14a — 8ft — 6c + 10a;. 

38. In Algebra, the term difference does not always, as 
in Arithmetic, denote a number less than the minuend. For, 
if from a we subtract — ft, the remainder will be a + ft ; 
and this is numerically greater than a. We distinguish 
between the two cases by calling this result the algebraic 
difference. 

38. In Algebra, as in Arithmetic, does the term difference denote n 
number less than the minuend ? How are the results in the two ctises, 
(^tinguisbed from each other ? 



8UBTBACTI0N. 55 

39. When a polynomial is to be subtracted from an al- 
gebraic quantity, we inclose it in a parenthesis, place the 
minus sign before it, and then write it after the minuend. 
Thus, the expression, 

Ga^ — {dab — 2b^ + 2&c), 

indicates that the polynomial. Sab — 2b'^ -f 2bc, is to be 

taken from Ga\ Performing the operations indicated, by 

the rule for subtraction, we have the equivalent expression : 

6a2 — 3ab + 2b^ — 2b€. 

The last expression may be changed to the former, bj^ 
changing the signs of the last three terms, inclosing them in 
a parenthesis, and prefixing the sign — . Thus, 

6a' — Sab + 2b- — 2bG = Ga^ — (3a5 - 2b^ + 2bc). 

In like manner any polynomial may be transformed, as in- 
dicated below : 

1a^ — Sa^b — ib^c + GP = 1a^ — {Qa^b + ^Pc — 6^3) 

= la^ — Sa^b - {U^o - Gb^). 

8a^ " W + c - d = 8a3 — (7^2 - c + <0 

= 8a3 - 762 - (- c + cTj. 

9J-^ — a + 3a2 — (7 = 9^3 _ (a — 3a2 + (?) 

= 953 - a - (- 3a2 + d). 

Note. — ^The sign of every quantity is changed when it is 
placed within a parenthesis, and also when it is brought out. 

40. From the preceding principles, we have, 

a — {+ b) = a — b; and 
« — (—&) = a + b, 

89. How is the subtraction of a polynomial indicated ? How is this 
indicated operation performed ? How may the result be again put under 
the first form ? What is the g^eneralnrule in regard to the parenthesis ? 

40. What is the sign which immediately precedes a quantity called? 
What is the sign which precedes the parenthesis called ? What is the 
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The sign immediately preceding b is called the sign qf t7i4 
quantity ; the sign preceding the parenthesis iis called the 
^9^ of operation ; and the sign resulting from the combin- 
ation of the signs, is called the essential sign. 

When the sign of operation is different from the sign of 
the quantity, the essential sign -wall be — ; when the sign of 
operation is the same as die sign of the quantity, the essen- 
tial sign will be +, 



MULTIPLICATION. 

41. 1. If a man earns a dollars in 1 day, how much will 
be earn in 6 days? 

• Analysis. — ^In 6 days he will earn six times as much as in 
1 day. If he earns a dollars in 1 day, in 6 days he will earn 
6a dollars. 

2. If one hat costs d dollars, what will 9 hats cost ? 

Ans. 9d dollars. 

8. If 1 yard of cloth costs c dollars, what will 10 yards 

cost ? Ans. 1 Oe dollara. 

4. If 1 crayat costs b cents, what will 40 cost? 

Ans. 40b cents. 

5. If 1 pair of gloves costs b cents, what will a pairs 
cost? 

Analysis. — ^If 1 pair of gloves cost b cents, a pairs will 
cost as many times b cents as there are units in a : that is, . 
b taken a times, or ab ; which denotes the product of b 
by a, or of a by b. 

resulting sign called? When the sign of opeiation is different from the 
sign of the quantity, what is the essential sign ? When the sign of ope- 
ration is the same as the sign of the quantity, what is tlir. essential sign ? 
41. What is Multiplication? What is the quantity to be multiplied 
called ? What is that called foy which it is multiplied ? What is the 
feeult called? 
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Multiplication is the operation of finding the product 
of two quantities. 

The quantity to be multiplied is called the MuUipHcand; 
that by which it is multiplied is called the Multiplier ; and 
the result is called the JProdicct. The Multiplier and Multi- 
plicand are called Factors of the Product. 

6. If a man's income is Za dollars a week, how much will 
he receive in 4& weeks ? 

3a X 4^ = 12a*. 

If we suppose a = 4 dollars, and 5 = 8 weeks, the pro- 
duct Trtll be 144 dollars. 

Note. — ^It is proved in Arithmetic (Davies' School, Art. 48. 
University, Art. 60), that the product isnot altered by chang- 
ing the arrangement of the factors ; that is, 

12a5 = axftxl2=5xaxl2 = axl2xJ. 

multiplication op POsrrrvB monomials. 

42. Multiply ZaW by 2a^b. We write, 

Za^h^ X 2a^h = Zx2xa^'>ia^xh^xb 
= 3 X 2 aahabbh\ 

in which a is a &.ctor 4 times, and h a factor 3 times ; 
hence (Art. 14), 

ZaW X 2a^h = 8 x 2a*ft3 = ea**^^ 

in which we multiply the coefficients together^ and add the 

exponents of the like letters. ^ 

The product of any two positive monomials may be found 

m like manner ; hence the 

rule. 

L Multiply the coefficients together for a new co^dent: 

n. Write after this coefficient all the letters in both monO' 

42. Wliat is the rule for multiplying one monomial by another ? 
3* 
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mials, giving to each letter an exponent equal to tJie autn of 
its exponents m the txoo factors, 

EXAMPLES. 

1. 8a^^c2 X nahd?' = 5Ga^b^c^(P. 

2. 21a^^cd X 8abc^ = 168a*5Vd 
3 4abc X Idf = iSabcdf 

(4.) (5.) (6.) 

Multiply Sa^b \1d^x 6xyz 

by 2a^b 12x^y ay^z • 



6a*&3 


lUd'x^y 


6aayV 


a^xy 
2xy^ 


(8.) 
Zab'^d^ 
9a^b^c 


(9.) 
Slax'^y 
SPx'y^ 



2a'^x^y^ 2la^^c^ 26lab^z^y^ 

10. Multiply 5a^^x^ by Qc^x^. A7is. SOa^JVa;*. 

11. Multiply lOa^b^c^ by lacd, Ans. lOa^b^c^d. 

12. Multiply S6a^b'^c^d^ by 20a62c3t?*. Ans. l2Qa^b^cH\ 

13. Multiply 5a"» by 3a J". J.715. 15a'" + ^J". 

14. Multiply 3a'"53 ^y 5^2 j», ^^^^ 18a"»+25« + 3^ 

15. Multiply 6a'"5'» by Oa^^'. ^W5. 54a« + ^^>'»+'. 

16. Multiply Ba'^b'' by 2a^5«. ^;i5. lOa^+P^^^ + y. 
lY. Multiply ba'^b'^c^ by 2a5»c. ^725. 10a'" + ^i'*+'c3. 

18. Multiply 6a2^'"c« by ZaWc'^. Ans. 18cr'^5"»+2c«+2_ 

19. Multiply 20a^b^cd by 12a^x-y. Ans. 24:0a' b^cdx^y. 

20. Multijjly 14a*^>6c?*y by 20a^c^x^y. A. 2S0a'^b^c^d*xhj'\ 

21. Multiply QaWy"^ by la^bosy^. Ans. 5Ga'^b*xy^. 

22. Multiply 15axy^ by 5a^bcdx^y\ Ans. Zl5a^bcdx^y^z. 
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23. Multiply Qia^m^x^yz by 8ab^c\ A. B12a^b^c^m^x^i/z. 
21. Multiply daWc^d^ by Ud^b^c^ Arts. lO^a^b^chP. 

25. Multiply 2\Qab'^chl^ by Sa^^V. Ans. 648a*^>Vc?8 

26. Multiply lOaWc^d'^fx by \2d^b^cHxHf. 

Am. 840ai*JiVc73/a;3y3. 

MULTIPLICATION OP POLYNOMIALS. 

43. 1. Multiply a — ^ by c. 

It is required to take the difference 
between a and 5, c times ; or, to 
take c^ a — b times. 

As ye can not subtract b from c, 
we begin by taking a, c times, which 
is ac ; but this product is too large 
by b taken c times, which is be ; 
hence, the true product is ac — be. 

If a, 5, and c, denote numbers, as a = 8, 5 = 3, and 
c = 7, the operation may be written in figures. 

Multiply a — b by c — d. 

It is required to take a — 5 as 
many times as there are units in 
c — d. 

If we take a — 5, c times, we 
have ac ^ be; but this product is 
too large by a — & taken d times. 
But a — b taken cZ times, is ad—db. 
Subtracting this product from the 
preceding, by changing the signs of 
Its terms (Art. 37), and we have. 



a — 


b 






c 








ac - 


-be 




8 - 


3 


zzz 


5 


1 


. 


• 


1 


56 - 


21 


— 


35 



a - 

c - 


'b 
-d 




ac- 


-be 

- ad + Sc? 




ac- 


- Jc — a<? + ^f? 


8 

7 


-3 = 
— 2 = 


5 

5 


56 


- 21 
-16 + 6 




56 


— 37 + 6 = 


25. 



(a — 5) X (a — c) z= ab — be — ad '\- bd. 



I 
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Hence, we have the following 

BULE FOB TUB SIGNS. 

I. When the factors have like signs^ the sign of their 
product win be + : 

n. WTien the factors have unlike signs^ the sign oftheyr 
product will be — : 

Therefore, we say in Algebraic language, that + multi- 
plied by -f, or — multiplied by — , gives +; — multi- 
plied by +, or + multiplied by — , gives — . 

Hence, for the multiplication of polynomials, we have the 
following I 

BULE. I 

! 

Multiply every term of the multiplicand by each term of 
the multiplier^ observing that like signs give +, and v/nlike 
signs — / then reduce the result to its simplest form. 

EXAMPLES IN WHICH 'ALL THE TEEMS ABE PLXTS. 

1. Multiply .... 3a2 + ^ab + b^. 

by 2a + 5b 

6a3+ Sa^b+ 2ab^ 
The product, after reducing, + ISa^^-j. ^Oab^ + 5b^ 

becomes .... Ca^ + 23a^b-h 22ab^ + 6b\ 

44. Note. — ^It will be found convenient to arrange the 
terms of the polynomials with reference to some letter ; that 
is, to write them down, so that the highest power of that 
letter shall enter the first term ; the next highest, the 
■econd term, and so on to the last term. 

44. How are the terms of a polynomial arranged with reference to a 
particular letter ? What is this letter called ? F the leading letter in the 
multiplicand and multiplier is the samCf which will be the leading letter 
In the product? 
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The letter with reference to which the arrangement is 
made, is called the leading letter. In the above example the 
leading letter is a. The leading letter of the product will 
always be the same as that of the factors. 

2. Multiply aj2 -}- 2ax + a^ by x + a. 

Ans. a^ + 3005^ + 3a^ + aV 

8. Multiply 85^ + y3 by x + y. 

Ana. as* +.Qey^ + cc'y + y*. 

4. Multiply 3aJ2 + Qa^c'^ by 3aJ2 + 3aV. 

6. Multiply a2ft2 + c^rf by a + 5. 

Ans. a^h^ + oc^c? + a^h^ + ^c^dT. 

6. Multiply Zax^ + 9a*3 + cd^ by Oa^c^ 

7. Multiply 64a5a;3 + 27a2a; + 9a5 by Sa^cc?. 

-4/15. 612a6c<:fo;3 + 2\Qa^cdx + 72a*Jc(?. 

8. Multiply a^ + 3a2a. + zax^ + aj^ by a + cc. 

-4w5. a* + 4a3aj + Ca^a;^ + 4aa^ + sc*. • 

9. Multiply x^ + y^ by a? + y. 

Ans. a;3 + 3^2 ^ 3.2^ ^ y»^ 

|_ 10. Multiply a* + ajy® + 7aa; by oaj + 6aaj. 
"^ Ans. Qax^ + 6005^ + 42a2a5» 

11. Multiply a^ + Sa^J 4- 3a52 + J^ by a ■\- d:- 

Ans. a* + 4a3J + Ca^J^ ^ 4^^3 _|. 54^ 

12. Multiply a^ + x^y + a;y' + 2/^ by aj 4- y. 

-4/is. a^ 4- 2aj3y + 205^ + 2a;y3 + y*. 

13. Multiply aj3 4- 2352 + aj + 3 by 3a5 + 1. 

A7}s. 3aj* 4- Va53 + 6aj2 + lOaj + 3. 
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GENERAL EXA^IPLES. 

1. Multiply . 2ax — Zdb 

by 3fl; — h. 

The product ........ 6aa;-— ^abx 

becomes after — 2ahx + Zah'^ 

reducing Goic^— Wabx -f ^ab^, 

2. Multiply a* — 2^»3 by a — h. 

Am. a^ — 2a¥ — a*5 + 26*. 

3. Multiply a;2 _ 325 _ 7 by a; — 2. 

-4/15. x^ — 5aj2 — a; •+ 14. 

4. Multiply 3a2 — 5a5 + 2^>2 by a^ - "Jab. 

Am. 3a* — 2%a?h + 37a2Zi2 __ i4a$3, 

6. Multiply h'^Jrh^ + h^ by h^ ~ 1. -4/i5. 5^ - h\ 

6. Multiply a*— 2x^y -{- Ax^y'^ — ^xy^ + 16y* by a; + 22/. 

-4n5. 7^ + 32y^ 
Y. Multiply 4a;' — 2y by 2?/. Ans. Sx'^y — 4^'. 

8. Multiply 2a; + ^y by 2a; — 4y. -4^5. 4a;2 — iey\ 

9. Multiply a;3 _j_ ^.s^ _|. 3,^2 -j- y3 \yy ^ — y. 

Ans. oc^ — y*. 
10. Multiply x^ + xy + y^ by a;' — ary + y'. 

A71S. a;* 4- ic^y' ^ yi^ 

Xll. Multiply 2«2 — Sax + Ax^ by 5^^ — Qax — 2x\ 

A71S. 10a* — 2'7a=^a; + 34a2a;2 — iSr^a;^ — 8a;*. 

12. Multiply 3a;2 — 2a;y + 6 by a;^ + 2a;y — 3. 

Ans. 3a;* + 4a^y — 4a!' — 4a;'y' -f 16xy — 15. 

^13. Slultiply 3a;3 + 2x''Y + Sy^ by 2a;3 — 3a;2y2 4. 5y\ 

j Gaj« - 5arV^ — 6a;*?/* + 6a;y -f- 

^^^' \ 15a;3y3 _ Qx-y^ + lOx'^y^ + 15y" 

14. Multiply 8ax — 6a6 — c by 2aa; + ab + c. 

Ans. IQa^x^ — 4a'6fl; — 6rM^ 4- Caca: — ^abo — c* 



r5 
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15. Multiply 3a2 — 5b^ + sc^ by a^ - b\ 

Ans. 3a* — 8a2^2 ^ 3^2c2 ^ 5^4 _ 352^^ 

16. 3a2 — 5bd + c/ 

— 5a^ 4- 4Z>^ - 8r/. 

Pro. red. — 15a* + S1a^bd-'2da'^cf-20b^d^+4:4bcdf^ScY^ 

17. Multiply a^cc — a^^ by a^a". 

18. Multiply a«+ b*" by a"» — $«. ^ns. a^'" — &2«^ 

19. Multiply a"»'+ J" by a*" + 5«. 

Ans. a^m + 2a"»5« + **". 



DIVISION, 

45. Division is the operation of finding from two quan- 
tities a third, which being multiplied iy the second, will 
produce the first. 

The first is called the Dividend^ the second the Divisor^ 
and the third, the Quotient. 

Division is the converse of Multiplication. In it, we have 
given the product and one factor, to find the other. The 
rules for Division are just, the converse of those for Multi- 
plication. 

To divide one monomial by another. 

46. Divide 72a* by 8a3. The division is indicated, 
thus: 

72a»^ 
8a3 • 

The quotient must be such a monomial, as, being midtiplied 
by the dioisor, will give the dividend. Hence, the coefiicient 

45. What is division ? Wliat is the first quantity called? The second ? 
The third ? What is given in division ? What is required ? 

46, What is the nile A>r the division of monomiakt 
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of the quotient must be 9, and the literal part a' ; foj theio 
quantities multiplied by Ba^ will give 72a*. Hence, 

?? = ««'• 

8a^ 

The coefficient 9 is obtained by dividing 7i by 8; and 
the literal part is found by giving to a, an exponent equal 
to 5 minus 3. 

Hence, for dividing one monomial by another, we have 
the following 

RULB. 

I. Divide the coefficient of the dividend by the toefficient 
of the divisor, for a new coefficient : 

H. After this coefficient lorite aU the letters of the dividend^ 
giving to each an eosponent equal to the excess of its encpo- 
ponent in the dividend over that in the divisor: 

SIGNS IN DIVISION. 

47. Since the Quotient multiplied by the Divisor must 
produce the Dividend : and, since the product of two factors 
having the same sign will be + ; and the product of two 
fectors having different signs will be — ; we conclude : 

1. When the signs of the dividend and divisor are like, 
the sign of the quotient will be -f . 

2. When the signs of the dividend and divisor are unlike, 
the rign of the quotient will be — .• Again, for brevity, we 

+ divided by +, and — divided by — , give 4- ; 
— divided by +, and + divided by — , give — . 

= + a; 

47. What is the rule for the signs, in divimon ? 



^=+'> 


-ab 
-b 


-ab , 
= — A: 


4- ab 



D1YI8I0K. 



65 



BXA.KPLES. 



(1.) 



(2.) 






+ ^dbc 



= + 2a2J. 
(3.) 

= - 8a3. 



— Iba^o^y 



— Sa^sB 



= + Zaixy, 



32a8ya^ 



(4.) 



5. Divide ISoaj^yS |)y _ say. 


Ans. — 605^. 


6. Divide Q^a¥x by 1252. 


-4m. labos. 


n. Divide — 36a*&V by ^aWc. 


Arts. — 4aJ^c. 


8. Divide - 99a*d*iB« by Wa^lW. 


u4w5. — 9ab^ 


9. Divide lOSa^y^g^ by Bi^z. 


Am. 2ayV. 


10. Divide 64a5''y526 \^j _ lea^yV. 


-47W, — 4QCf/Z, 


11. Divide — 96a'^»«c* by 12a2Jc. 


Ans. — 8a^5*c*, 


12. Divide - 38a*5«c?* by 2a3J5(f. 


Ana. - 19aW3. 


13. Divide — 64a«J*c8 by 32a* Jc. 


-4/w. — 2aJV. 


14. Divide 128afia^y' by 16aa^. 


An8. 8a*a5*y3. 


16. Divide - 256a*ftVcZ'' by IBa^Sc^. 


^n5. - lea&VtT. 


16. Divide ^OOa^m^n^ by - SOa'mn. 


Ans. — 4amn. 


11. Divide 300aj3y*22 by GOajy^^j. 


^na. 5a;2y2«. 


18. Divide 2la^b'^c^'hj — 9a5c. 


Ans. — 3a*5<5. 


9. Divide 64a^y^z^ by 32ayV. 


-4^5. 2a2y2. 


20. Divide - SSa^J^cS by lla^J^c*. 


Ans. -SaWc\ 


21. Divide Y7a*yV by - llaV«*. 


Ans. — 7. 


22. Divide 84a*52c2^ by — 42a^b^c'^d. 


Ans. — 2. 


23. Divide — SSa^'^c^ by 8a«5«c«. 


^TW. — lla^ 


24. Divide I6x^ by — 8x. 


Ans. — 2aj. 


26. Divide - SSa^b^ by lla*5. 


-4n5. - 8a»-"& 
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26. Divide ^ra*"^" by - Ua^P. Arts. — ^a^"'^"-^ 

27. Divide B^.a^b'^ by 42a"5^ Arts. 2a8-»^'»-^ 

28. Divide — 88aP5« by 8a"J"». Ans. — lla^~"5?-"». 

29. Divide ^QabP by 48a«5?. -4w5. 2a^-"^^-?. 

30. Divide lQQx°y^ by 12a;"y". Ans. 14a;«"""y *""*«. 

31. Divide 256a5V by iea"5'"c^. Ans. l^a^-^b^-^c^-p. 

MONOMIAL FRACTIONS. 

48. It follows from the preceding rules, that the exact 
division of monomials will be impossible : 

1st. When the coefficient of the dividend is not exactly 
divisible by that of the divisor. 

2d. When the exponent of the same letter is greater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
found in the dividend. 

In either case, the quotient will be expressed by a fraction, 
A fraction is said to be hi its simj^lest form, when the 
numerator and denominator do not contain a common factor. 
For example, 12a'^b^cd, divided by Sa^bc'^, gives 

12a'b\I ^ 
Sa~bd^~ ' 

which may be i:educed by dividing the numerator and de- 
nominator by the common factors, 4, a^^ 5, and c, giving 



Also, 



8aV>c2 2c 



Ua'bhl' U^d 



48. Under what circumstances will the division of monomials be im- 
possible ? How will the quantities then be expressed ? How is a mono* 
mial fraction reduced to its simplest form? 
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Hence, for the reduction of a monomial fraction to its sim- 
plest form, we have the following 



RULE. 



Suppress every factor^ whether numerical or literal^ that 
is common lo both tefmis of the fraction ^ the result will he 
the reduced fraction sought. 



^ EXAMPLES 

(1.) 

^%aWcd^ Aad^ 



ZM'Pc^de 



Sbce ' Qa:'^bc*d^ 



(2.) 



also. 



(3.) 
la^'b 1 



^ , . and ^ -, 
2ab Qab^ 



6. Divide 49aWc^ by Ua^c^ 

6. Divide Qamn by 3abc. 

7. Divide ISaWmn^ by 12a*J*cdr. 

8. Divide 2Sa^¥c''d^ by IGa^^ccFm. 

9. Divtde I2a^c^b'^ by I2a^c''bhl 

10. Divide lO(}aWxmn by 2ba^¥d. 

11. Divide %Qa^¥c^df by l^a^cxy. 



(4.) 
^aW 2a 



Ans, 
Ans, 



nic^ 

2a 
2mn 



J Smn^ 

^'''' 2^b^ 
. la^c^d 
4:b^m 



Ans. 
Ans, 



6 
a^c^bd 
Aia^bxmn 



d 

. S2a^^c^df 
2hxy 
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12. Divide 85mV/icV by 15am*nf Ans. —^;.;:;:;^ 

13. Divide \21d^x^y^ by IQd^x^y^. Ans, 



\21 
IQcJx^y 
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49. In dividing monomials, it often happens that the 
exponents of the same letter, in the dividend and divisor, 
are equal ; in which case that letter may not appear in the 
quotient. It might, however, be retamed by giving to it the 
exponent 0. 

If we have expressions of the form 

^ ^ ^ <^^ (^^ j^ 
a' a^' a3' a^' ^' ^'' 

and apply the rule for the exponents, we shall have, 

But since any quantity divided by itself is equal to 1, it fol- 
lows that, 

- = a® = 1, ^ = a«-» = ao = 1, &c. ; 
or, finally, if we designate the exponent by w, we have, 
~ = ««-« = a® = 1; that is, 

TJie power of any quantity is eqital to 1 : therefore, 
Any qiuxntity may be retained in a term^ or introduced 
into a term, by giving it the exponent 0, 

EXAMPLES. 

1. Divide Qa^h^c^ by ^a^h^. 

^i-^ = Za^-W^d' = da^b^c' = 3c*. 
2aW 

2. Divide 8a*ftV by — Aa^b^c. Ans. — 2a^b^c^ = — 2c\ 

3. Divide — i^2m^n^x^y^ by 4m^n^xy. 

Ans. — QmWxy = — Sxy. 

49. When the exponents of the same letter in the dividend and divisor 
are equal, what takes place ? May the letter still be retained f WiJb 
what exponent ? What is the zero power of any quantity equal to ? 



DIYISIOIf. 89 

4. Divide — OCa^d^c" by — 24a*ft*. Am. ia^b^C" = 4c\ 
6. Introduce a, as a factor, into Qb^cK Ans. 6a®$*c*. 

6. Introduce ab^ as factors, into 9c*^". Ans. ^aPh^c^d''. 

7. Introduce abc^ as factors, into 8cZy*. -4. Sa^ftOc^c?*/"*, 

50. When the exponent of any letter is greater in the 
divisor than it is in the dividend, the exponent of that letter 
in the quotient may be written with a negative sign. Thj^ 

^ = 1; alflo, ^, = a*-* = a'^ by therulej 

hence, a""^ = -5« 

Since, a-^ = -r, we have, b x a-^ = -^; 

that is, a in the* numerator, with a negative exponent, ia 
equal to a in the denominator, with an equ9l positive ex- 
ponent ; hence. 

Any quantity having a negative exponent^ is equal to tJie 
reciprocal of the same quantity with an equal positive «»- 
ponent. 

Hence, also, 

Any factor may be transferred from the denominator to 
the numerator of a fraction^ or the reverse^ by changing the 
sign of its exponent. 

BXAMPLES. 

1. Divide Z2a^bc by lQcfib\ 

IQa^b^ a^b 

50. When the exponent of any letter in the divisor is greater than in 
the diyidend, how may the exponent of that letter be written in the quo- 
tient ? What is a quantity with a negative exponent equal to ? How 
ma/ a factor be transferred from the numerator to the denominator of a 
fraction? 
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^ _, , llx^y^z . x'H z 

3. Reduce — -- ?-^ • -d7i5. — — , or —-5 

-/ 4. In bay^x''^ get rid of the negative exponents. 

. 5a 

5. In T-T^^T^Ts? g^^ ^^^ ^^ *^® negative exponents. * 

4a'b^ 
Ans. -T-— • 

6. In _3 _5 _2 » S^* ^^^ ^^ *^® negative exponents. 

. xh/^c^ 

Y. Reduce .,. ^,_. — Ans. , or -^-j- • 

8. Reduce I2a^b^ -^ Sa^^^^ u4w5. da-^b'-\ or \* 

ah 

25^ — 4^6^—1 

9. In _ , get rid of the negative exponents. 

i)Q> 

Ans. -r-« 
10. Reduce r= — =— • A7is. Zab'^c^, 

To divide a polynomial by a monomial. 

51. To divide a polynomial by a monomial : 

Divide each term of the dividend^ sejmrately^ by the 

divisor ; the algebraic sum of the quotients will be the qito- 

tient sought. 

EXAMPLES. 

1. Divide ZaW - a by a. Ans, Sab^ — 1, 

61. How do you divido a polynomial by a moDomial ? 
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2. Divide 5a^b^ - 25a'b^ by 5a^b\ Ans. 1 - 5a. 

3. Divide 25a^b^ — 25ab by -- 5ab. Ans. -- 7«$ +-5. 

4. Divide lOab — 15ac by 5a. Ans. 2b — Zc", 

5. Divide Gab — Sax + 4a2y by 2a. 

Ans. 3^ — 4a; -f. 2fly. 

6. Divide — 15ax^ + 60:^ by — 3x, Ans. 5ax — 2afr 
1. Divide — 21a;?/2 + ZhaWy - Vc^ by - Yy. 

ylm\ Zxy — 5a262 +, c\ 
8. Divide 40a«Z)* + Sa-^J^ — 32a^Z»*c* by 8a*5*. 

^/i5. 5a* 4- ^►^ — 4c^. 

DIVISION OF POLYNOMIALS. 

52. 1. Divide — 2a + Ga^ _ 8 by 2 + 2a. 

Dividend. Divisor. 
6a2 — 2a — 8 | 2a H- 2 
6a^ 4- 6a 3a -^ Quotient. 

— 8a — 8 



— 8a — 8 



Remainder. 



"We first arrange the dividend and divisor wit'i reference 
to a (Art. 44), placing the divisor on the left of tn j dividend. 
Divide^the first term of the dividend by the fi \>t teim of 
the divisor; the result will be the first term of t'le quotient, 
which, for convenience, we place under the di.isor. The 
product of the divisor by this term (6a- 4- 6a), being sub- 
tracted from the dividend, leaves a new dividend, which niny 
be treated in the same w^ay as the original one, 11 nd so on to 
the end of the operation. ^ 

62. What is the rule for dividing one polynomial by another ? Wheu 
b the division exact ? Wlien is it not exact ? 
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Since all similar cases may be treated in the same way, we 
Lave, for the division of polynomials, the following 

RULE. 

I. Arrange the dividend <md divisor with reference to the 
9ame letter: 

IL Divide the first term of the dividend by the first term 
of the divisor^ for the first term of the quotient. Multiply 
the divisor by this term of the quotient^ and subtract the 
product from the dividend: 

HE. Divide the first term, of the remainder by the first 
term of the divisor^ for the second term of the qtcotient. 
Multiply ths divisor by this term^ and subtract the product 
from the first remainder^ and so on : 

IV. Continue the operation^ until a remainder is found 
equal to 0, or one whose first term is not divisible by that 
of the divisor. 

NoTB.-r-l. When a remainder is found equal to 0, the 
division is exact. 

2. -When a remainder is found whose first term is not 
divisible by the first term of the divisor, the exact division 
is impossible. In that case, write the last remainder after 
the quotient found, placing the divisor under it, in the form 
of a fraction. 

SECOND EXAMPLE. 

Let it be required to divide 
61a2ft2+ lOa* - 48a36 - im+ 4a&3 by 4a5 - Sa^ ^ 3J». 

Wo first arrange the dividend and divisor with referenoe 
ta a. 
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Dividend. 



Divisor. 



— 40a36 + 67a262+ 4a63_i5j4 
25a25»-20aJ3-.i6a* 



- 2a»+ 8a^ - 66» 



(8.) 

«* + aj'y + aj^ + ay' — 2y i « + y 
ag* + a^y | «3+ ay 

+ x^y 4- ajy' 

+ a V + ajy* 



« 4- y 



-.2y 

Here the division is not exact, and the quotient is frao* 
tionaL 



(4.) 



1 - a 




1 4- 2a + 2a« + 2a» + , Ac, 



+ 2a« 

+ 2a' -^ 2a» 
+ 2a3 

In this example the operation does not terminate. It maj 
be continued to any extent. 

SZAMPLBS. 

1. Divide a' + 2a» + »' by a + x. Ana. a + x. 

2. Divide a' — 3a'y + Say' — y' by a — y 

Ans. a' — 2oy + y*. 
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8. Divide 2ia^h — 12a''c&^ — 6aft by — Qdb. 

Am. — 4a + 2a^cb + 1. 
4. Divide 6«* — 96 by 3aj - 6. 

Ans. 2053 ^ 4a.2 + 8a; + 16. 

6. Divide a* — 6a*aj + lOa^a^ — lOa^aj^ + 6aa* — a* 

by a^ — 2aa5 + 7?. Ans, a^ — 3a^ + Saa^ _ /gj, 

6. Divide 48aj3 — 76035^ — Ua^ + lOSa^ by 2x — 3a. 

^n5. 24aj2 — 2aa5 — ^ba\ 
^ 7\ Divide y« - 3y*a;2 + 3?/2ar* - o^ by y^ - Si/'^x + 

8. Divide 64a*ft« - 25a2i8 by 8a2J3 -f 5a6*. 

9. Divide Qa^'\-2Za^h + 22db'^+hh^ by 3a2-i-4a^> + ^'^ 

Ans. 2a + 6ft. 
10. Divide 6aaJ« + Oajc^yc _^ ^2a^x^ by aa + 6«a?. 

Ans. aj* -f scjy® + lax. 

J 11. Divide - 15a* 4- 37a=5J - 29aV- 20ftV^2 ^. 44^^^^ 

— 8c2/^ by 3a2 - bid + </. ^>i«. - 5"^ + 4W -^ 8c/. 

12. Divide aj* + aV + 2/* ^7 a^ - u;y + 2/'. 

13. Divide V — y* by a; — y. 

^n^. o^ + aj^y + Jcy^ + y^ 

V 14. Divide 3a*- Sa^ftM- 3aV+ 5ft*- 3ftV by a}- h\ 

Ans. 3a« - 6ft2 + 3c2. 

15. Divide 6a;« - Sa^^y^ - 6a*y*+ Caj^y 2+ 15arV- OxV 
+ 10a;V + 15y« by 3a;3 + 2a;y + Sy*. 

Ans. 2a53 - 3a52y2 + 6y3. 

16. Divide — c«+ lea^a:^- lahc - 4a2fta; - 6a2ft2H- Cacas 
oy 8aa5 — 6aft — c. Ans. 2ax + aft 4- c. 

17. Divide 3«* + 4a3y - 4aj2 - 4ajV + 16a?y ^ 15 by 
2ajy + »« — 3. -4w«. 3a^ — 2xy + 6. 



^^ 
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18. Divide x"^ + 3£^' by a: -f- 2y. 

Ana. QC* — 2jc3y + 4a;V — ^^^ + l^Z^- 

19. Divide 3a* - 260^6 — 14aJ3 + 370*** by 2b^ - 5ad 
+ 3a^ ' ' ' Ana, a^ — 7a6. 

20. Divide a* - 6* by a^ + a^b + ah^ + ft^ 

21. Divide 7? — Saj^y + y^ by 05.+ y. 

3v3 

22. Divide 1 + 2a by 1 — a — a*. 

^/w. 1 + 3a + 4a* + 7a^ + , 4c. 
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CHAPTER m. 

U8EFU1 FOBMULAS. FACTOBING. 6BEATEST COMMON DIYISOB. 
LBAST COMMON MULTIPLE. 

USEFUL FORMULAS. 

53. A FoBMULA is an algebraic expression of a general 
rule, or principle. 

Formulas serve to shorten algebraic operations, and are 
also of much use in the operation of factoring. When trans- 
lated into common language, they give rise to practical rules. 

The verification of the following formulas affords addi- 
tional exercises in Multiplication and Division. 

(1.) 

54, To form the square of a + 5, we have, 

(a + by = (a + b){a + b) = a« + 2ab + b\ 

That is, 

T/ie square of the sum of any two quantities is equal to 
the square of the firsts plies twice the product of thefrst by 
the second^ plus, the square of the second. 

1. Find the square of 2a + Zb. We have from the rule, 
(2a + Sby = 4a3 + 12ab + 9b\ 

68. What is a formula? What are the uses of formulas ? 

5i. What ii the iquare of the sum of two quantities •qoal tot 
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2. Find the square of Sab + Zac. 

Arts. 25a^J2 + SOa^Jc + OaV. 
8. Find the square of Sa^ -f ^a^h. 

Ans. 25a^ + QOa^b -i 6ia^b\ 
4. Find the square of 6ax + 9a^x\ 

Ans. 3Qa^x^ + 108aV -\- 81aV. 

(2.) 
55. To form the square of a difference, a — ft, we have, 

(a - b)^ = (a - ft) (a - ft) = a^ - 2aft + ft'*. 
That is, 

The square of the difference of any two quantities is 
equal to the square of the firsts minus twice the product of 
the first by the second^ plus the square of the second. 

1. Find the square of 2a — ft. We have, 

(2a - by = 4a2 - 4aft + ft^ 

2. Find the square of 4ac — ftc. 

Ans. 16aV — Saftc* + ftV. 

3. Find the square of ^aW — 12aft3. 

. Ans. 49a*ft* - ICSa^ft* + 144a2^«. 

(3.) 
ff6. Multiply a + ft by a — ft. We have, 

(a 4- ft) X (a — ft) = a2 — ft^ Hence, 

TAe ^wm of two quantities^ multiplied by their difference^ 
is equal to the difference of their sqitares. 

1. Multiply 2c + ft by 2c — ft. Ans. 4c' — ft*. 

2. Multiply 9ac + 3ftc by 9ac — 3ftc. 

Ans. 81aV - 9b^c\ 

66, What is the square of* the difference of two quantities equal to? 
66. What la the sum of two quantities multiplied by the'.r difference 
•qualto? 
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S, Multiply 8a3 + lab^ by Sa^ - lab^ 

Am. 64a* — 49a'ft 

(4.) 

57. Multiply a^ + aft + i2 ty a — b. We have, 

(a2 + aft + ft2) (a - ft) = a3 - ft^. 

58. Multiply a^ — aft + ft2 by a + ft. We have, 

(a« - aft + ft2) (a + ft) = a^ + ft^. 

(6.) 

59. Multiply together, a + ft, a — ft, and a^ + ft*. 
We have, 

(a + ft) (a - ft) (a* + ft^) = a* - ft*. 

60. Since every product is divisible by any of its factors, 
each formula establishes the principle set opposite its number. 

1. Tlie sum of tlie squares of any two quantities^ plus 
twice their product^ is divisible by their sum. 

2. Tlie sum of the squares of any two quantities^ minus 
twice their product^ is divisible by the difference of the 
quantities. « 

3. The difference of the squares of any two quantities - 
is divisible by the sum of the quantities^ atid also by their 
difference. 

4. The difference of the cubes of any two quantities is 
divisible by the difference of the qtiantities ; also^ by the 
sum of their squares^ plus tJieir product. 

5. The sum of the cubes of any two quantities is divisu 

60. By what is any product divisible ? By 'applying this principle, what 
follows from Formula (1) ? What from (2)? What from (3j ? What from 
(4)t What from (6)f Wkat from (6)? 
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ftfe hy the sum of the quantities ; also^ by the sum of their 
squares minus their jyroduct. 

6. The difference hetweeai the fourth powers of any tioo 
quantities is divisible by the sum of the quantities^ by their 
difference^ by the sum of their squares^ and by the dif- 
ference of their squares. 



FACTOEING. 

61. Factoring is the operation of resolving a quantity 
into factors. The principles employed . are the converse of 
those of Multiplication. The operations of factoring are 
performed by inspection. ^ 

1. What are the factors of the polynomial 

ac + ctb + ad. 

We see, by inspection, that a is a common factor of all 
the terms; hence, it may be placed without a parenthesis, 
and the other parts within ; thus : 

ae -\' ab + ad = «(c -h J + d). 

2. Find the factors of the polynomial a^h^ 4- a^d — a^f 

Ans. a^{b^ + d - /). 

3. Find the factors of the polynomial Sa^b — Qa^^ + bhl 

Ans. b{^a^ - 6a^b + bd). 

4. Find the factors of Za^b — Oa^c — 18aVy. 

Ans. Sa^(b — 3c — 6xy). 

6. Find the factors of Sd^cx — IBacx^ + lac^y — Z^a^c^. 

Ans. 2ac{^ax — Oa^ 4- c*y — 16a*c®). 

6. Factor SOa^fi'c - ^aWd? -k- \%aWc^. 

Ans. Ga^b^{5ac — d^ + Zc^). 

7. Factor 12c^J^3— Uc^d* — Gc^dy. 

A71S. 3c2J3(4c2J — 5cd - 2/). 

•1. WliAt ii fiietorinfr 
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8. Factor Iba^bcf — lOoftc* — 2hahcd. 

Am. 5abc(SaY — Sc^ — 5d). 

6d« When two terms of a trinomial are squares, and 
pomtive, and the third term is equal to twice the product of 
their square roots, the trinomial may be resolved into factors 
by Formula ( l ). 

1. Factor a« + 2ab + l\ Ana. {a + J) (a 4- h). 

2. Factor ia^ + 12a^ + ^h\ 

Am. (2a + Zh) (2a + Zh). 

8. Factor 9a» + 12aft + Ah\ 

Am. (3a + 25) (3a + 2h). 

4. Factor 4a;2 + 8aj + 4. Am. (2x + 2) (2a; + 2). 

6. Factor fta^ft^ + 12aJc + ic^. 

Am. {Zab + 2c) (3a6 + 2c). 
6. Factor lea^^ + leay^ + 4y*. 

Am. {Axy + 2y2) (4ay + 2y2). 

68* When two terms of a tiinomial are squares, and 
positive, and the third term is equal to minus twice their 
square roots, the trinomial may be factored by Formula 

1. Factor a» — 2a5 + h\ Am. (a — *) (a — 5), 

2. Factor 4a2 — 4aJ + J«. Am. (2a — J) (2a — h). 
8. Factor 9a^ — 6ac + c^. ^w«. (3a — c) (3a — c). 
4. Factor a^aj^ — 4aaj + 4. -4n«. (aa; — 2) (era? — 2). 
6. Factor 4a!2 — 4ajy + y^- Am. (2x — y) [2x -r y). 

62. When may a trinomial be factored ? 

68. Wlien may a trinomial be factored by this method t 
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e. Factor 36aj' — 24ajy -|- iy^. 

Ans. (6x — 2y) (6a5 — 2y). 

64. Wlien the two terms of a binomial are squares and 
have contrary signs, the binomial may be fiictored by 
Formula (3). 

1. Factor 4c^ - b\ Arts. (2c + b) (2c - h) 

2. Factor Sla^c^ — 9b^c\ 

Ana. (fiac + Sbc) (9ac — 3ftc). 

3. Factor 64a^J* — 25a;V- 

Ans. {Sa^b^ + 6ajy) (8a'ft« - 6ajy). 

4. Factor 26aV — 9aj*y2^ 

Ans. {5ac + 3a^y) (6ac — Sas^y). 

6. Factor 36a*ft*c* - 9afi. 

Ans. {6a^b^c + Soc^) {6a^b^c — Saj^). 

6. Factor 49a5* - 36y*. -4/w. {1x^ + 6y2) (7a^ ~ By'). 

65« When the two terms of a binomial are cubes, and 
have contrary signs, the binomial may be &ctored by 
Formula (4). 

1. Factor Sa^ — c^. Ans. (2a — c) {4a^ + 2ac + c*). 

2. Factor 2la^ — 64. 

Ans. (3a — 4) (Oa^ + 12a + 16). 

3. Factor a^ — e4b\ 

Ans. (a - 46) (a^ + 4ai + 16J2). 

4. Factor a^ — 27^3, -4n«. (a — Sb) (a^ +*3a6 + 9*-*). 

64. When may a binomial be factored ? 

65. When may a binomial be factored by this method t 

4* 
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66. When the terms of a binomial are cubes apd have 
like signs, the binomial may be factored by Formula ( 5 ). 

1. Factor 8a^ + c\ Am. (2a + c) (4a' — 2ac + c*). 

2. Factor 2';ra^ + 64. 

Ans. (3a + 4) (Oa^ - 12a 4- 16). 

3. Factor a? + 64*3. 

Ana. (a + 4ft) (a« - 4aft + 16ft*). 

4. Factor a« + 21V. Am. (a + 8ft) (a» - 3aft + W). 

67. When the terms of a binomial are 4th powers, and " 
have contrary signs, the binomial may be factored by 
Formula (6). 

1. What are the factors of a* — ft*? 

Am. (a + ft) (a - ft) {a^ + ft*). 

2. What are the factors of 81a* — 16ft* ? 

Am. (3a + 2ft) (3a — 2ft) (Da* + 4ft2). 

8. What are the factors of 16a*ft* — 81c*(/*? 

Am. (2aft + Zed) (2aft - Zed) {Aa^V + 9c*J2>. 



GREATEST COMMON DIVISOR 

68. A Common Divisor of two quantities, is a quantity 
that will divide them both without a remainder. Thus, 
Sa'ft, is a common divisor of ^a^h^e and Za^I>^ — %a^V. 

66 When may a binomial be factored by this method? 

67. When may a binomial be factored by this method? 

68. What is the common divisor of two quantities ? 
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C9. A Simple or Pkime Factor is one that cannot be 
lesolved into any other factors. 

Every prime factor, common to two quantities, is a com- 
mon divisor of those quantities. The continued product of 
any number of prime factors, connnon to two quantities, is 
also a conmion divisor of those quantities. 

70. The Greatest Common Divisor of two quantities, 
is the continued product of all the prime factors which are^ 
common to both, 

71. When both quantities can be resolved into prime 
factors, by the method of factoring ah-eady given, the great- 
est common divisor may be found by the following 

RULE. 

I. Resolve both quantities into their prime factors : 
n. Find the conthiited p'oduct of cdl the factors which 
are common to both ; it will be the greatest common divi- 
sor required, 

EXAMPLES. 

1. Required the greatest common divisor of *loaWc and 
25abd, Factonng, we have, 

J^a^'^c = 3 X 5 X Saabbc 
25abd = 5 X 5abd. 

The fiictors, 6, 5, a and 6, are common; hence, 

6x5xax6 = 25aft, 

is the divisor sought. 

60. What is a simple or prime factor ? Is a prime factor, common to 
two quantitiesj a common divisor? 

70. What is the greatest common divisor ? 

71. If both quantities can be resolved into prime factors, how do you 
find the greatest common divisor? 
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VERIFICATION, 

"iba^V^c -X- 25aJ = Zabc 
25abd -5- 25ab = d; 

and since the qaotients have no common factor, they cannot 
be further divided. 

2. Required the greatest common divisor of a* — 2ab + 
S* and a^ — b\ Ana. a - b. 

3. Required the greatest common divisor of a^ 4- 2ab + 
V and a -f ft. Ans. a + ft. 

4. Required the greatest conunon divisor of a^x^ — 4ax 
4- 4 and 005—2. Ans, ax — 2. 

5. Find the greatest common divisor of Sa^b — Qa^c 
• • 1 8d^x^ and b^c — Sbc^ — 6ftca;y. Am. ft •— 3c — 6icy. 

6. Find the greatest common divisor of 4a^c — 4acx and 
SaV -- 3a^a;. -4?i5. a(a — jc), or a^ — aaj. 

7. Find the greatest common divisor of 4c^ — 12ca; -}- 9a? 
and 4c2 — 9x\ Ans. 2c — 3a> 

8. Find the greatest common divisor of ar* — y^ ^nd 
«? — y\ Ans. X — y. 

9. Find the greatest common divisor of 4(^ + 4ftc + b^ 
and 4c2 — ft^. . ^wfi. 2c -h ft. 

JO. Find the greatest common divisor of 25a2c^ — 9a:*y* 
and X^acd^ + ^d^x^- ^ns. 5ac 4- 3a;V- 

Note. — ^To find the gi'eatest common divisor of three 
quantities. First find the greatest common divisor of two 
of them, and then the greatest common divisor between this 
result and the third. 

1, What is the greatest common divisor of iax^y^ IGaftai*, 
and 24acx^ ? Arts. 4axr. 

2. Of 3a;2— 6aj, 2^^-^ 4x\ and ^ij—2xy'i Ans. cc^— 2a5. 

^2. When is one quantity a multiple of another ? 
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LEAST COMMON MULTIPLE. 

79. One quantity is a multiplb of another, when it can 
be divided by that other mthout a remainder. Thus, Sa^fi, 
is a multiple of 8, also of a^, and of h. * 

73. A quantity is a Common Multiple of two or more 
quantities, when it can be divided by each, separately, with- 
out a remainder. Thus, 24:a^x^j is a common multiple of 
6ax and ia^x. 

74. The Least Common Multiple of two or more quan- 
tities, is the simplest quantity that can be divided by each, 
without a remainder. Thus, 12a^^\ is the least common 
multiple of 2a% 4ab\ and 6a^b^x\ 

75. Smce the common multiple is a dividend of each of 
the quantities, and since the division is exact, the common 
multiple must contain every prime factor in all the quanti- 
ties ; and if the same factor enters more than once, it must 
enter an equal number of times into the common multiple. 

When the given quantities can be factored, by any of the 
methods already given, the least common multiple may be 
found by the following 

BULE. 

I. Resolve each of the quantities into its prim^ factors • 
n. Take each factor as many times as it enters any one 
of the quantities, and form the continued product of these 
factors ; it will be the least common multiple, 

73. When is a quantity a common multiple of several others? 

74. What is the least common multiple of two or more quantities? 

75 What does the common multiple of two or more quantities contain, 
Kn factors? How may the least common multiple be found ? 

* Tli« inuUipl4 of t quantity, is almplj « dividend which will give an ezaot qnotleni 
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EXAMPLES. 

1. Find the least common multiple of I2a^b^c^ and 8a*J*. 

12a3^V = 2.2. ^.aaabbcc. 
Ba^b^ =» 2.2.2.aabbb. 

Now, since 2 enters 3 times as a factor, it must enter 3 
times in the common multiple: 3 must enter once; a^ 3 
times ; bj 3 times ; and c, twice ; hence, , , 

2.2.2.Saaabbbcc = 24a^b^c\ \ 

is the least pommon multiple. , 

Find the least common multiples of the following : 

2. 6a, 5a% and 25abc\ Ans. ISOa^ic*. 

3. Sa^by 9abCj and 2la^x\ Ans. 21a^bcx\ 

4. 4a2a;2y2, Sa^ay, 16aY\ ^^^ 2^a^y^x. Ans. 4Sa^x^t/*. 
b, ax — bxy ay -- by^ and Qi?y^. 

Ans. {a — b)x.x.yy z=z ao^y^ — 5a;^y^ 

6. a 4- J, a* — ^S and a^ + 2a5 + V^. 

Ans. (a + by (a — J). 

7. Sa^^, 9a^x\ 18aV» 3a V- ^w^- 180^*23.2^3, 

8. 8a«(a —ft), 15a«(a - b)\ and 12a3(a2 — ft2). 

Ans. 120aXa - ft)' (a + ft). 
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CHAPTER IV. 

FRACTIONS. 

76. If the unit 1 be divided into any number of equal 

parts, each part is called a FRAcmoNAL unit. Thus, - , -, 

11 ^ * 

- , 7 , are fractional units. 

77. A Fraction is a fractional unit, or a collection of 

fractional units. Thus, - , - , - , -r , are fractions. 
2 4 7 6 

78. Every fraction is composed of two parts, the De- 
nominator and Numerator. The Denominator shows into 
how many equal parts the unit 1 is divided ; and the Nu- 
merator how many of these parts are taken. Thus, in the 

fraction r , the denommator J, shows that 1 is divided into 

h equal parts, a,nd the numerator a, shows that a of these 
parts are taken. The fractional unit, in all cases, is equal to 
the reciprocal of the denominator. 

7G. If 1 be divided into any number of equal parts, what is each part 
called ? 

77. What is a fraction ? 

78. Of how many parts is any fraction composed? What are they 
called? What does the denominator show? What the numerator? 
What ia the iraotional mut equal to ? 
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79, An Entire Quantitt is one which contains no 
fractional part. Thus, 7, 11, a'as, 4a^ — 3y, are entire 
quantities. 

An entire quantity may be regarded as a fraction whose 

denominator is 1. Thus, 7 = -, aft = — • 

80. A Mixed Quantity is a quantity containing both 

bx 
entire and fractional parts. Thus, 1^ , 8f , a H , are 

c 
mixed quantities. 



81. 



Let T denote any fraction, and q any quantity 

whatever. From the preceding definitions, 7 denotes that 

r is taken a times; also, -^ denotes that t is taken 
00 

aq times ; that is, 

aq a . 

-^ =z - X q; hence. 

Multiplying the numerator of a fraction by any quan- 
tity^ is equivalent to multiplying the fraction by that 
quantity. 

We see, also, that any quantity mxiy be multiplied by a 
fraction^ by multiplying it by the numerator^ and then 
dividing the remit by the denominator, 

82. It is a principle of Division, that the same result will 
be obtained if we divide the quantity a by the product 
of two factors, jo x g', as would be obtained by dividing it 

79. What is an entire quantity ? When may it be regarded ad a frac 
tlon ? 

80. What is a mixed quantity ? 

. 81. How may a fraction be multiplied by any quantity f 
82 How may a fraction be divided by any quantity ? 



TRA278FOBMATION OF FRAOTIONB. 89 

first by one of the factors, jo, and then dividing that result 
by the other factor, q. That is, 

a (a\ a (a\ . 

- = y ^?; or, - = y^^; hence, 

Multiplyi7ig the denomitiator of a fraction by any qtw/n- 
tity^ is equivalent to dividing the fraction by that qicantity, 

83. Since the operations of Multiplication and Division 
are the converse of each other, it follows, from the preced- 
ing principles, that, ^ 

Dividing the numerator of a fraction by any quantity^ 
is equivalent to dividing the fraction by that quantity / 
and, 

Dividing the denominator of a fraction by any quantity^ 
is equivalent to multiplying the fraction by that quantify. 

§4. Since a quantity may be multiplied, and the result 
divided by the same quantity, without altering the value, 
it follows that. 

Both terms of a fraction may be mxdtiplied by any qtian- 
tity, or both divided by any qiuintity^ without changing the 
value of the fraction. 



TRANSFOEMATION OF FEACTIONS. 

85. The transf<yrmation of^a quantity, is the operation 
of changing its form, without altering its value. The term 
reduce has a technical signification, and means, to Th^anS' 
form. 

83. What follows from the preceding principles ? 

84. What operations may be performed without altering the Talue t)f 
E fraction? 

86. What II the transformAdon of a quantity f 
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FIBST TRANSPOBMATION. 

To reduce an entire quantity/ to a fractional form having a 
given denominator. 

86. Let a be the quantity, and h the ^ven denomi- 
nator. We have, evidently, a ■=. -j-\ hence, the 

BULE. 

Midtiply the Quantity by the given denominator^ and 
write the product over this given denominator, 

SECOND TEANSPOBMATIOX. 

To reduce a fraction to its lowest terms. 

§7. A fraction is in its lowest terms^ Avhen the numerator 
and denominator contain no common factors. 

It has been shown, that both terms of a fi*action may be 
divided by the same quantity, without altenng its vahie. 
Hence, if they have any common factors, we may strike 
them out. 

BULE. 

Resolve each term of the fraction into its prime fac- 
tors ; tlien strike out all tliat are common to both. 

The same result is attained by dividing both terms of the 
fraction by any quantity that will divide them, without a 
remainder ; or, by dividing them by then* greatest common 
divisor. 



8 A. Hov do you reduce an entire quautity to a fractional form having 
a given denomiuator ? 

87. How do you reduce a fraction to its lowest terms ? 
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SSCAMPLES. 

1. Reduce , to its lowest terms. 

25acd 

Factonng, -— — -, = —- — -; 

Cancelmg the common factors, 5, a, and c, we hare, 
15aV Sac . 

2. Reduce --^=^^. ^n.. -. 

3. Reduce --—-r-^^* Ana, -^ — • 

\2chl^P • c?*/* 

, T> , eft — ac , a 

4. Reduce -r • Ana. - = a. 

ft — c 1 

6. Reduce 5 ; • Ana. — :— -• 

7*2^-' 1 n + 1 

6. Reduce —z ~ — ;• Ana. 



x^ — 2ax + a' * as — a 

7. Reduce — ?n-^i75- • -^^- — r = — 8, 

^ „ _ 24ft* - 36aft* - 4ft - Ca 

8. Reduce ,^ ,,, ^t^-ttz* -^««- 



48a^ft* — 66a*ft« ' 8a* — Ua^b^ 

9. Reduce -r , , ,3 ' -^'*^- ^ ^' 

a* — 2aft + ft2 a — ft 

10. Reduce —-z v-rj Ana. -^ — ^• 

8a3 — 8a2ft 8a 

„ , 3a« + Ca2ft» . 1 + 2ft2 

11. Reduce ,^ ^ . ^ , » > -4«*. , „ . ^ — 5- 

12a^ 4- Ca^c* 4a2 ^ 2ac'» 

-^ , a^ + 2aa: -4- x^ . a + x 

12. Reduce — -7-5 ^.r — • Ana. -7 — ' — -• 

8(a2 — a*) S(a — a?) 
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THIED TBANSFOBlfrATION. 

To reditce a fraction to a mixed quafUity. 

§8. When any term of the numerator is divisible by any 
term of the denominator, the transformation can be effected 
by Division. 

BULB. 

Perform the indicated division^ continuing tfie operation 
as fur as possible; t/ien write the remainder over the deno- 
minator^ and annex the result to the quotient found. 

BXAMPLBS. 

1. Reduce • Ans. a — — • 

X 

2. Reduce — ^ • Ans. a — as. 





X 




ax 


— 


a? 




X 




ab 


— 


2a» 




b 




a« 


— 


a;* 



3. Reduce 5 • Ans. a r- • 

o 

4. Reduce • Ans. a + «. 

a ^ X 

QS^ — t/3 

5. Reduce ^ • Ans. ^ + xy + y\ 

X — y 

^ / - iOaj' - 6a; 4- 3 . ^ , . 3 

6. Reduce = • Ans. 2a; — 1 + ■—• 

hx . hx 

Y. Redttce ^— . . 4a^ — 8 H -— . 

9a; 9 

8. Reduce ^8a./-6W^2a^ §.?Jo_2^ 

3a^ rf a 3/ 

^T^-i a;' + a; — 4 . 2 

9. Reduce -— — • Ans. as — 1 • 

a; -f 2 a; + 2 

88. How do you redooe a fraotiov to a mixed giuatitx f 
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10. Reduce . , . • • Ana. a — o + 



11. Reduce • Ans. x + i + 



a — 4 » — 4 

FOUBTH TBANSFOBMATION. 

To reduce a mixed quantity to a fractional form. 

89. This transformation is the converse of the preced- 
ing, and may be effected by the following 

BULE. 

Multiply the entire part by the denominator of the frac" 
tion^ and add to the product the numerator ; lorite the result 
over the denominator of the fraction. 

EXAMPLES. 

1. Reduce 6| to the form of a fraction. 

6 X 7 = 42; 42 + 1 = 43; hence, 6j = y- 

Reduce the following to fractional forms : 

o^ — a^ __ x^ — (g^ — g^) 

X "" X 

ax + a^ 



X — 

X 



3. 05 — 

4. 6 + 

5. 1 - 



«. 1 + 205 — 



2a 

205 -- 7 

805 

0! — a — 1 
a 

05—3 



Ans. 

* 


2x^ - a« 


05 


Ans. 


005 — 05* 


2a 


Ans. 


17o5- 7 


305 


j4y»9 * 


-05+ 1 




a 


lOa^ +405 + 8 



bx bx 



90. How do you veduoo % mixed quantity to a fnotional formf 
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H « . r 3c + 4 . 16a 4- 8ft - 3c - 4 

7. 2a + 6 -z — • Ans. • 

o 8 

^ ^ . - Ca^aj - oft . ISa^aj + 5aft 

8. 6aa: + ft • -4n5. • 

4a 4a 

8 + ea^ft^ 
12afta:* 

GGaftaj* + SOa^ft^a^ — 8 



0. 8 + 3aft — 



Aim. 



\2ahx^ 



FIFTH TRANSFORMATION, 



To reduce fractions hamng different denominators^ to equu 
valent fractions having the least common denominator, 

90. Tlua^trapsfomiation is effected by finding the least 
common multiple of the denominators. 

1. Reduce -, -, and —, to their least common denomi- 
nators. 

The least common multiple of the denominators is 12, 
which is also the least common denominator of the required 
fractions. If each fraction be multiplied by 1 2, and the result 
divided by 12, the values of the fractions will not be changed. 

- X 12 = 4, 1st new numerator ; 
o 

o 

7 X 12 = 9, 2d new numerator: 
4 

5 \ 

— X 12 = 5, 3rd new numerator; hence, 

4 9 * 5 

To' To' ^^^ fo ^^® ^^® ^®^ equivalent fractions. 
J 2 12 12 

00. How do you rcdiico frnetions having different denominators, to equi 
▼ftlcnt fractions having the Inast common d<*nominator ? When the on* 
■leraton have no common factor, bow do you redvee them f 
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BULB. 

I. Find tJie least common multiple of the denominators : 
II. Multiply each fraction by itj and cancel the denom^ 

inator : 
in. Write each product over the common multiple^ and 

the results wiU be the required fractions, 

GBNERAL BULB. 

Multiply each numerator by all ^fie denominators except 
its owny for the new numerators^ and aU the denominators 
together for a common denominator, 

EXAMPLES. 

a c 

1. Reduce -r =^ and = to their least common 

a^ — 0^ a -\' b 

denominator. 

The least common multiple of the denominator is (a + b) 
(a-^b): 

^-^2 X (« + *) (« - *) = « 
c 



a -b b 



X (a + J) (a — &) = c{a - - b ; hence, 



7 — r~/T7 17 ^"^ / — ri.TT 7"\' ^^^ ^^^^ required 

(a + b) {a — b) (a -{■ b) {a — b) ^ 

fractions. 
Reduce the following to their least common denominators : 

^ Sx 4 - 12aj2 - 45a! 40 48.^* 

2. — . - . and • Ans. — , — , 

4' 6' 15 60 ' 60' 60 

3i2 , 6c3 - I2a 9b^ lOc^ 

3. a, _ and -. Ans. — , -, --^ 

^ 3a; 2ft , - . Ocx 4ab Qcfcd 

2a' So 6ac 6ac Qae 
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S 2x 2x .9a Box 12a* + 24x 
^- 4' "3"' ^ + '^' ^'*^- 12^' 12^' 125 

(1 — xy ' (1 — aj)3 ' (1 — xy 



7. — , , and — — ^ 



6a' c ' a + ft 

igc^ + bc^ ba^c — Sg^ft + babe -- 5aft^ 5ac»^ 

5a»c + haJbc' ha^c + 5aJo ' haH + 6a»o* 



o. , — ; — • ana — ; — 

a --- X a + X a + a 






ADDITION OF FEAOnONS. 

91. Fractions can only be added when they have a com- 
mon unit, that is, when they have a common denominator. 
In that case, the sum of the numerators will indicate how 
many times that unit is taken in the entire collection. 
Hence, the 

BULE. 

L Heduce the/ractions to be added^ to a common denom- 
inator: 

n. Add the nmneratora together for a new numerator^ 
and write ths sum over the common denominator. 

EXAMPLES. 

1. Add o' o» ^* 5> together. 
9L What ia the rule for adding fraotlmia t 



ADDITION OF FBAOTIONB. 



w 



By reducmg to a common denominator, we have, 

6 X 3 X 5 = 90, 1st numerator. 

4 X 2 X 6 = 40, 2d numerator. 

2x3x2 = 1 2, 3d numerator. 

2 X 3 X 5 = 30, the denominator. 

Hence, the expression for the sum of the fractions beoomea 

90 40 12 _ 142^ 
30 30 "*" 30 ■" 30 ' 
which, being reduded to the simplest form, gives 4^^. 

2. Find the sum of t, - , and -• 

o (I J 

Here, a X d xf = adf \ 

c X h X f=. chf \ the new numerators, 

e xh X d =1 ebd ) 
and • b X d X f = bdf the common denominator, 
„ adf , chf , ebd adf + cbf + ebd ^, 

Add the following : 

« 3052 2ax . . , . 2abX'-^Sea!^ 

8. a — r- , and b H • Ans. a + b-] 7 

b c be 



4. — • — • and — • 
2' 3' 4 



Am. « + j2 



6. 



2 , 4a; 
— and —• 

7 



Ans. 



Ans. Ax 



6. aj H — and 3a5 H — • Ans.Ax+ 

3 4 

7. 4aj, — -, and — - — • 

' 2a ' 2aj 

^205 7x - 2aj + 1 

8. — , — , and < 

•3*4' 6 

0. 4a, — , and 2 -»- g 



19a5 — 14 

21 
IQg — 17 

12 

5cc^ + ax + (^ 



2ax 



A « • 49aj + 12 
Ans. 2x + 



60 

Ux 
Ans. 2 + 4a5 + — 
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10. 8a5 + — and « — — . -4n*. Sa? + — - 

9 45 

11. oc — ^ and 1 — -%• 

O O A 

. 4a5» - 6aj + 4 

13. . r, -y-— r^, End -7- rr • -dTW, 



4(1 + ay 4(1 - a) ' 2(1 - a") 1 - a» 



SUBTRACTION OF FRAOTIOKS. 

92« Fractions can only be subtracted when they have 
the . same unit ; that is, a common denominator. In that 
case, the numerator of the minuend, minus that of the sub- 
trahend, will indicate the number of times that the common 
imit is to be taken in the difference. Hence, the 

BULE. 

I. JReduce the two fractions to a common denomi' 
inator : 

n. TJien subtract the numerator of the subtrahend from 
that of the minuend for a new /lumeratoTy and write the 
remainder over the common denominator. 

EXAMPLES. 

3 2 

1. What is the difference between z and - • 

7 8 " 66 66 ■" 66 "" 28^ ^* 
, 92. What Is the rule for subtractiDg fhustioiu? 
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2. Find the difference of the fractions —tt— and — - — • 

2b 3(3 

^'^ i (2a - 4x) X 26 = 4ab - Bbx^' numerators, 
and, 2i X 3c = 6ic the common denominator. 

„. Scaj— 3ac 4a^— 8605 Scx—3(zc—4ab+Sbx . 

tlence, — -r ^ = -z Am. 

' 6^ 6be 6be 

3. Required the difference of -r- and -— • Ans. — • 

^ 7 5 35 V 

4. Required the difference of 6y and ~ • Ans. -~ • 

8 8 

6. Required the difference of — and — -• Ans. -— - • 

^ 7 9 63 

($. From ^-±-^ subtract ^-^^ . Ans. /^^ . - 

aj — y a; + y a^ — y-^ 

7. From subtract -= r- Ans. ^^—- • 

y — z y* — 2* 2/^—2^ 

Find the differences of the following : 

^3a5-fa -2a: +7 - 24a5 4- 8a — 10^>a; — 35ft 

8- — TT — and — - — • Ans. —-i • 

5ft 8 40ft 

X - cc — a M ex -^ bx — ab 

9. 3aj + 7 and x • Ans. 2x H =— * 

be be 

,/v , a — X ^ a + X . ix 

10. a -{ — 7 r and —. : • Ans. a 



a{<M- x) ^ a{a — a) ' a-^ — a* 



MULTIPLICATION OF FRACTIONS. 

93. Let T and -^, represent any two fractions. It has 
been shown (Art. 81), that any quantity may be multiplied 

98. What Sg the rule for the mulUpHcation of fraetioiiif 



luu 
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by a fraction, by first multiplying by the numerator, and 
then dividing the result by the denominator. 

€L C etc 

To multiply t t)y ^, we first multiply by c, giving -=- ; 
then, we divide this result by cZ, which is done by multiply- 



ac 



ing the denominator by d\ this gives iov the product, j-^\ 
that is, 



a e «c I, 



BULB. 



I. If there are mixed quantities^ reduce them to a frao 
Hozmlform; then^ 

n. Multiply the numerators together for a new numerO' 
tory and the denominators for a new denominator. 



BXAMPLBS. 



1. Multiply a -\ ^7 5* 



First, a-] = , 



. a^ + bx c a^c + hex 

hence, X ^ = ^ — • 

a d ad 



Ans. 



Find the products of the following quantities: 



^ 205 Zah - Zac 

2. — , — , and —=- 

a^ ^ 2b 

3. H and - • 

a X 

4. — ; — and 



be 



b + c 



_ ,35 + 1 - X 

6. 35 H — , and 



6. a + 



a 

ax 

a — « 



and 



a + b 

a2 — 352 

OB 4- «2 



Ans, 
Ans. 



Ans. 9ax, 
ab -{- bx 



X 
35*- ft* 



Ans. 



ax* 



Wc + b(^ 

005 + 052—1 



a2 + ab 

a^ + 0*05 



Ans. 



iB + QS^ 
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7. Multiply T by — - — • 

We have, by the rule, 

2a gg— y _ 2a(a^ — 5^) __ 2a(a +&)(«- ft) 

a - ft ^ ^3 ■" 3(a — ft) ■" 3(a — ft) 

= 3-(« + »)• 

After indicating the operaticn, we factored both numera- 
tor and denominator, aAd then canceled the common factors, 
before performing the multiplication. This should be done^ 
toTienever there are common factors. 

8. _1_ by t^^, Ans. 'J^±^- 
X — y '^ a a 

^ a;2 — 4 , 4a5 . ix(x — 2) 

9. — - — by — --r- Ans. — ^— " 

3 ^ X + 2 3 

y* -^ 35 — 1 y 

12. ^- ^ by — ; Ans. • 

1— ai|j^ ^ a+ X 1—05 

13. a. + J^L by a; - -^^^ Ans. x^. 

x—y x+y 

,, 2a — ft - 6a — 2ft . ft — 3a 

16. „_l? by ? + ?^. -4m. ^-^ 

08 -^ y 05 X^y 
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DIVISION OF FRACTIONS. 

94. Since - = p x - , it follows that, dividing by a 

quantity is equivalent to multiplying by its reciprocal* But 

c d 

the reciprocal of a fraction, -^, is - (Art. 28) ; conse- 
quently, to divide any quantity by a fraction, we invert the 
tenns of the divisor, and multiply by the resulting fraction. 
Hence, 

a ^ ^ a ^ __ ^ 

6 ' d "^ b c ~' be 

"WTienco, the •following rule for dividing one fraction by 
another : 

BULE. 

I. Reduce mixed quantities to froGtional forms: 
II. Invert the terms of the divisor, and multiply th€ 
dividend by the resulting fraction. 

Note. — ^The same remarks as were made on factoring 
and reducing, under the head of Multiplication, are appli- 
cable in Division. 

EXAMPLES, 



1. Divide a - -^ by ^. 
2c ^ g 



b 2ac — b 

a — — = — T 

2c 2o 



Hence, a-'A ^ / = H^ x f = ?^^. An>. 
2e g 2c f 2vf 



04. What is the rul« for the diTiaion of fraotioiif? 
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«. Divide H^±i^ by "^-y*. 



X 



a 

2(g -f y) ^ ^ _ 2(3! + y) 

a «2_y2 ^ "(«+y)(a5-y) 

= • Ana. 

3. Let y be divided by ~- ^/i«. — 

4. Let ■— be divided by 5«. / ^n«. — 

7 85 

6. Let ?-±-^ be divided by ^. ^n*. * + ^ 



6 ' 3 **'""• 4aj 

6. Let be divided by - • Ans. 

05—1 •'2 05—1 

7. Let -- be divided by -v • Ans. —— 

8. Let ~, be divided by -— ^ • 4;w. ^"7 

Divide the following fractions: 

' 4a;2 - 805 , 05^ - 4 . 4a5 

9. by — — -. Ans. 



3 -^ 3 05 + 2 

10. -r -^i — -— rr by Y-* -^^- ^H 

05^ — 2^05 + h^ ^ X — b X 

11. 2a5(a + ft) by -i^. ^n^. l^Lili)!. 

'^ "^ a + o 205 

,^ o;2- 1 - (05+ l)y2 (a; - 1)2 

12. by ^^ ^* Ans. ^ ,— ^. 

y ^ 05 - 1 • y^ 

^^' 6^+1^ ^^ 4(^+05) ^'''' 3%2,a:2) 



104 
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U. ^^ by i4^. 
2ay 



1 -» 

15. a^ by a? — 

5 — 3a 



2ln«. 



a* — g* 



16 



2a& 
a;* — s^ 



by 



6a — 2b 
ft2- 2a5* 



17. "^^ ^ by 5 + ?^. 



An$. X + 

x — y 

. 2a — b 

Arts. •=— • 

4a 



X 



18. m« + 1 T- -5 by m + ~ + 1 



m- 



m 



uItw. m H 1, 



80. (^±^\^) by (^+^ 5-). ^ I 

\x + y yl \ y x-^- yl 
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CHAPTER V. 

XQUATIONS OF THB FIBST DB6BBB. 

95. An Equation is the expression of equality between 
two quantities. Thus, 

a; = ft + c, 

is an equation, expressing the fact that the quantity x^ is 
equal to the sum of the quantities b and c. 

96. Every equation is composed of two parts, connected 
by the sign of equality. These parts are called members : 
the part on the left of the sign of equality, is called the^r^* 
member; that on the right, the second member. Thus, in 
the equation, 

a; + a = ft — c, 

X + a m the first member, and ft — c, the second member. 

97. An equation of the^r^^ degree is one which involves 
only the first power of the unknown quantity; thus, 

6a5 -f- 305 — 5 = 13 ; ( 1 ) 
and ax -^ bx + c =z d; (2) 

are equations of the first degree. 

96. What is an equation ? 

96. Of how many parts is eyery equation composed? How are the 
parts connected? What are the parts called? What is the part on the 
left called? The part on the right ? 

97. What is an equation of the first degree? 

5* 



1C3 ELEMEITTABT ALGEBBA. 

98. A mjMERiCAL EQUATION is One in which the t>oeffi« 
cients of the unknown quantity are denoted by numbers. 

f>9« A LITERAL EQUATION is One in which the coefficients 
of the unknown quantity are denoted by letters. 

Kquation ( 1 ) is a numerical equation ; Equation ( 2 ) is a 
literal equation. 

XQUATIONS OF THE FIRST DEGREE CONTAININa BUT ONE 
UNKNOWN QUANTTIT. 

100. The Transformation of an equation, is the opersr 
tion of changing its form without destroying the equality 
of its members. 

101. An AxioH is a sel^vident proposition. 

109. The transformation of equations depends upon tiry 
following axioms : 

1. jy* equal quantities be added to both members of an 
equation^ the equality will not be destroyed. 

2. Jf equal quantities be subtracted from both members 
of an equationj the equality will not be destroyed. 

3. If both members of an equation be multiplied by the 
same quantity ^ the equality wiU not be destroyed. 

4. If both members of an equation be divided by the same 
quantity, the equality wiU not be destroyed. 

6. like powers of the two members of an equation are 
equal. 

6, Like roots of the two members of an equation are 
equal. 

98. What is a numerical equation ? 

99. What is a literal equation ? 

100. What is the transformation of an equation? 

101. What is an axiom ? 

102. Name the axioms on which the transformation of an equation 
dftpenda. 



i 
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t08. Two principal transformations are employed in the 
solution of equations of the first degree: Clearing offraO'. 
tiofiSy and Transposing, 

CLEAEINO OP FEACnONS. 

1. Take the equation, 

2a; So; SB 

The least conimon multiple of the denominators is 12. If 
we multiply both members of the equation by 12, each term 
will reduce to an entire form, giving, 

8a; — 9aj + 2a5 = 132. 

Any equation may be reduced to entire terms in the same 
manner. 

104. Hence for clearing of fractions, we have the fol- 
lowing 

BULB. 

L Find (he least common multiple of the denominators: 
n. Multiply both members of the equation by it^ reduc- 
ing the fractional to entire terms. 

Note. — 1. The reduction yn\\ be effected, if we divide the 
least common multiple by each of the denominators, and 
then multiply the corresponding numerator, dropping the 
denominator. 

2. The transformation may be effected by multiplying 
each numerator into the product of all the denominators 
exc6pt its own, omitting denominators. 

103. How many transformations are employed in the solution of equa* 
tions of the first degree ? What are they ? 

104. Give the rule for clearing an equation of fractions ? In what three 
wayi may the rednction be effected? 



108 BLEMBKTABT ALOBBBA. . 

8. The transformation may also be effected, by multiplying 
. both members of the expiation by any multiple of the de^^ 
nominators. 

BXAMPLBS. 

Clear the following equations effractions: 

1. I + I - 4 = 3. Ans. 7aJ + 6a5 - 140 = 105. 

A* /M /M 

2. g + Q "" 57 = ^- -^^' to + 6aj — 205 = 432. 

Qi X X X 

8. - + -,— - +— = 20. 
2^3 9 ^12 

Ans. 18a5 + 12aj — 4x + Sx = 720. 

4. r + = — « = 4. Ans. lix + lOaj — S6x = 280. 
5 7 2 

«• 7 - f + ? = 15. Ans. 1635 - 1235 + 1035 = 900. 

4 O D 



6. 


05 -. 4 35—2 5 

3 6 "■ 3 




Ans. - 



235+8—35 + 2 = 10. 
o* ^ 

7. T + 4 = -• Ans. 635 + 60 — 2035 = 9 — 3as, 

3 -^ 35 5 

05 35 85 85 * 

«• 4-0 + 8 + 9 = ^^- 

Ans. 1835 — 1235 + 935 + 835 = 864. 

9. g — ^ + / = ^. -4/w. ad — be + bdf = W^ 

,^ 035 2c2a5 , ^ 45^235 ha^ . 2c» 

10. -^ =- + 4a = — 5 -^ H 3^. 

ft oft o^ b^ a 

The least common multiple of the denominators is a'ft'j 

a*Jfl8 — 2a*ftc235 + 4a*ft» = 4ft3c235 - 6a« + ^a%^<? — Sa'ft* 
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rBANSPOsma. 

105. Transfosition is the operation of changing a term 
from one member to the other, without destroying the 
equality of the members. 

1. Take, for example, the equation, 

6aj — 6 = 8 + 2a;. 

If, in the first place, we subtract 2x from both members 
the equality will not be destroyed, and we have, 

6aj — 6 — 2aj = 8. 

Whence we see, that the term 2a, which was additive in 
the second member, becomes subtractive by passing into 
the first. 

In the second place, if we add 6 to both members of 
the last equation, the equality will still exist, and we have, 

5x — 6 — 2x + 6 = 8^+6, 

or, rince — 6 and + 6 cancel each other, we have, 

6a5 — 2a5 = 8 + 6. 

Hence, the term which was subtractive in the first member, 
^sses into the second member with the sign of addition. 

106. Therefore, for the transposition of the terms, we 
have the following 

BULB. 

Any term may he transposed from one member of an 
equation to the other^ if the sign be changed, 

105. What is transposition ? 

106. What !■ the rule for the transposition of the temiB of an equation f 
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EZAKPLES. 

Transpose the unknown terms to the first member, and 
th« known terms to the second, in the following : 

1. 3a; + 6 — 6 = 205 — 7. Ana. 3a5 — 2a; = —7 — 6+6. 

2. aa; 4- ft = J — ex. Arts, ax + ex =z d — h. 

3. 4a; — 3 = 2a; + 6. Ans. 4a5 — 2a5 = 6 + 3. 

4. 9a; + c = ca; — c?. Ans, 9a; — ca; = — d — c. 
6. aa; + / — - dx + h. Afis. ax — dx = b —f, 
6. 6a; — c = — aa; + ft. -4n5. 6a; + oa; = 6 + c. 



SOLUTION OF EQUATIONS. 

107. The Solution of an equation is the operation of 
finding such a value for the unknowTi quantity, as will 
Botisfy the equation ; that is, such a value as, being sub- 
stituted fpr the unknown quantity, will render the two mem- 
bers equaL This is called a root of the equation. 

A Moot of an equation is said to be verified^ when being 
Bubscituted for the unknown quantity in the given equation, 
the two members are found equal to each other. 

!• Take the equation, 

Cleai rig of fractions (Art. 104), and performing the opersr 
ttons intWcated, we have, 

12a; - 32 = 4a; - 8 + 24. 

107. "Wkd^; is the solution of an equation? What is the found value 
of the unkifti wn quantity called ? When is a root of an equaticn Bald to 
bo Yorified. 
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Transposing all the unknown terms to the first memberi 
and the known tenns to the second (Ait. 106), we havOi 

Ux- 4x =z — 8 + 24 4- 32. 

Reducing the terms in the two members, 

8a; = 48. 

Dividing both members by the coefficient of Xj 

a; = — - = 6. 

8 

VERIFICATIOIN'. 

3X6 , 4(0 - 2) , ^ 

-2--4 = -^--! + 35 or, 

+ 9 — 4 = 2 + 3 = 5. 
Hence, 6 satisfies the equation, and therefore, is a root. 

108. By processes similar to the above, all equations of 
the firet degree, containing but one unknown quantity, may 
be solved. 

RULE. 

I. Clear the equation of fractions^ and perform aU the 
indicated operations : 

II. Trafispose all (he unknown terms to the first member^ 
and aU the knoton terms to the second member : 

in. Heduce aU the terms in the first member to a single 
term^ one factor of which will be the unknown quantiti/y 
and the other factor will be i/ie algebraic sum of its coeffi- 
cients : 

rV. Divide both members by the coefficient of the unknown 
quantity : the second member will then be the value of the 
unknown quantity. 

108. Give the rule for solviog equations of the firrt degree with one 
'^Qoknowa quantity. 
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BXAMPLBS. 

1. Solve the equation, 

— — — — 1^ — - — U? 
12 3 8 T"* 

Clearing of fractions, 

lOaj — 3205 — 312 = 21 — 52as. 

By transposing-, 

lOaj — 32a; + 52a; = 21 + 312. 
By reducing, 30a; = 333; 

, 333 111 

hence, «^ = W = To = "-^^ 

a result whicli may be verified by substituting it for x in 
the given equation. 

2. Solve the equation, 

{3a — a;) (a — ft) + 2aa; = 4J(a; + a). 

Performing the indicated operations, we have, 

3a* — aa; — Bab + Inm + 2ax = 4bx + 4ad. 

By transposing, 

^ ax + bx + 2ax — 4bx — 4aft + 3aft — 3a*. 

By reducing, ax — Sbx = 7db — 3a'; 

Factoring, (a — nJ)a; = *7ab — 3a'. 

Dividing both members by the coefficient of a;, 

*lab - 3a« 
a — 3ft 

8. Given 3a; — 2 + 24 = 31 to find x. Ana. a; = 3, 

4. Given as + 18 = 3a5.— 6 to find x. Ans. a; =r 11J.« ' 



\ 
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b. Given 6 — 2a5 + 10 c= 20 — 3a5 — 2, to find as. 

Ans. X = 2, 

6. Given x+ ix + ^x = 11, to find x. Ans, a? = 6. 

7. Given 2aj — Ja; + 1 = Sa; — 2, to find x. 

Ans. a; = f • 

Solve the following equations: 

8. 3aaj + -— 3 = Jaj — a. Ans. x = -^ • 

2 6a — 2ft 

^ a; — 3 . a; aj — 19 . ^^, 

9. — h o = 20 r Ans. X = 23J« 

,^a; + 3,a; . a — 6 . 

10. --^— + 3 = ^ ~' -^^' * = ^A- 

,, ^ Saj , 4a5 „ . 

11. 7 + aj = -- — 8. Ans. aj = 4. 

4 2 o 

c d "^ 3adf — 2ftc 

_^ aj — a 2a5 — 8ft a -^ x ,^ , ,,t 
18. — — - = 10a + lift. 

O O 4^ 

Ans. X =r 25a + 24ft. 

_. 85 8— a;6+a5,ll ^ - 

14. — : J 1- _ =3 0. Ans. X = 12. 

^^ a + c , a — 2ft« . a^—l^ 

16. — ; = -5 r -an*. « = • 

a '\-x a —X a' — 0^ c 

,^ 8aa5 — ft 8ft — c ^ . 

16. r ^r = 4 — ft. 

7 2 

. 66 + 9ft - 7o 

16a 

flDfli.-.2a$18 M 

17 r h - as -- • -AfW. a» = 10. 

6 8 2 8 
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X X X X 

abed'' 



J abcdf 



bed — ace? + abd — aJc 

Note. — ^Wliat is the numerical value of aj, when a = 1, 
ft = 2, c = 3, <? = 4, and / = 6 ? 

_^ aj 8a; aj — 3 ,^,^ - 

19. z — TT =— = — 12}f • Am. X = 14. 

3a; — 5 . 4a; — 2 . , . 

20. X 1 — = a; + 1. Am. x =i Q. 

13 IX 

X X X' 

21. a; + 7 + 7 — r = 2a; — 43. Ans. x = 60. 

4 5 6 

«« « 4a; — 2 3a; — 1 . 

22. 2a5 — = — - — . Am. a; = 3. 



^„ „ , Ja; — rf , . 3a -f rf 

23. 3a; -^ ~ — = a; + a. Am. x = =- • 

3 6 -^ ft 

^, ax — b , a bx bx -r- a 

24. — = • 

4^3 2 3 

A 3ft 

Ans. X = 



3a — 2ft* 

4a; 20 — 4a; 15 . ' ^2 

25. = — Am. X = 3—. 

6 — a; a; x 11 

^^ 2a; + 1 402 — 3a; ^ 471 — 6a; 

26. = 9 • 

29 12 2 

Ans. X = '12, 

a — ft a + ft ft 

. _ a* + 3a3^ + 4a^ftg ~ eaft^ + 2ft^ • 

^^' ^ ~ 2ft(2a« + oft - ft«) 
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PROBLEMS, 

109. A Pbobleh is a question proposed, reqiiiiing a 
solution. 

The Solution of a problem is the operation of finding a 
quantity, or quantities, that will satisfy the given conditions. 
The solution of a problem consists of two parts : 

I. The STATEMENT, wMch consists in expressing,, algebra- 
icaUy^ the relation between the known and the required 
quantities. 

II. The SOLUTION, which consists in finding the values 
of the unknown ^quantites^ in tertfis of those which are 
known. 

The statement is made by representing the unkno^^^l 
quantities of the problem by some of the final letters of the 
alphabet, and then operating upon these so as to comply 
with the conditions of the problem. The method of stating 
problems is best learned by practical examples. 

1. What number is that to which if 5 be added, the sum* 
will be equal to 9 ? 
Denote the number by a?/ Then, by the conditions, 

05 + 5 = 9. 
This is the statement of the problem. 

To find the value of a?, transpose 5 to the second member; 
then, 

35 = 9 — 5 = 4. 

This is the solution of the equation. 

VEEIFXCATION. 
85 + 5 = 9. 

100. What is a problem? What ia the solution of a problem? Of 
how manj parts does it consist? What are they? What is the state- 
m«nt? Wbatistheiolatioa? 
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2. Find a number such that the sum of one-half, one-third, 
and one-fourth of it, augmented by 45, shall be equal to 448 

Let the required number be denoted by x. 

Then, one-half of it will be denoted by 



X 



one-third " " by 



X 



one-fourth " " ^7 7> 



and, by the conditions. 



4' 



1 + 1 + 1 + 46 = 448. 

This is the statement of the problem. 

Clearing of fractions, 

6aj -f- 4aj + 8aj -I- 640 = 6376 , 
Transposing and collecting the unknown terms, 
13a; = 4836; 

hence, x = — -- = 372. 

VERIFICATION, 

872 372 372 

^ + -^ + -^ + 45 = 186 + 124 + 93 -f 46 = 448. 

3. What number is that whose third part exceeds its 
fourth by 16 ? 

Let the required number be denoted by as. Then, 
^ = the third part, 

jflj = the fourth part ; 
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and, by the conditions of the problem, 

1 1 

-x — -X = 16. 

3 4 

This is the statement. Clearing of fractions, 

4a5 — 8a5 = 192, 

and hence, a; == 102. 

YEBIFICATION. 

192 192 

^ - ^ = 64 - 48 = 16. 
3 4 

4. Divide llOOO between -4, ^, and (7, so that A shall 
have $72 more than ^, and G $100 more than A. 

Let X denote the number of dollars which J3 received. 

Then, Nb = £^s number, 

X + 12 =. A^a number, 
and, 05+172 = C^s number; 

and their sum, 3a; + 244 = 1000, the number of dollars. 

This is the statement. By transposing, 
335 = 1000 - 244 = 756 ; 
and, X = -— = 262 = JB^s share. 

Hence, a; + 72 = 262 + 72 = 324 = A'*s share, 
and, aj + 172 = 262 + 172 = 424 = C's share. 

VERIPICATION. 

252 + 324 + 424 = 1000. 

5. Out of a cask of wine which had leaked away a third 
part, 21 gaUons were afterwards drawn, and the cask being 
then guaged, appeai^ed to be half full : how much did it 
boldP 
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Let X denote the number of gallons. 

SB 

Then, - = the number that had leaked away. 

and, ~ + 21 = what had leaked and been drawn. 
s 

Hence, by the conditions, - + 21 = - • 

3 2 

This is the statement. Clearing of fractions, 

^ 2x + 126 = 3x, 

and, — a; = — 126 ; 

and by changing the signs of both members, which does not 
destroy their equality (since it is equivalent to multiplying 
both members by — 1), we have, 

X = 126. 



VERIFICATION, 
126 126 

^ + 21 = 42 + 21 = 63 = -- . 



6. A fish was caught whose tail weighed 9 lbs., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail togethei: : what was 
the weight of the fish ? 

Let 2x = the weighf of the body, in pounds. 

Then, 9 + a; = weight of the head ; 

and since the body weighed as much as both head and tail, 

2a; = 9 + 9 + a?, 
which is the statement. Then, 

2» — OS ss 18, and x s= 18. 
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Hence, we have, 

2x r= 36^. = weight of the body, 

9 + » = 2llb. =. weight of the head, 

9lb. =z weight of the tail ; 

hence, *I2lb. = weight of the fish. 

1. The sum of two numbers is 67, and their dififererce 19 
what are the two numbers ? 

Let X denote the less number. 

Then, a + 19 = the greater; and, by the conditions, 

205 + 19 = 67. 

This is the statement. Transposing, 

205 = 67 — 19 = 48 ; 

48 
hence, 05 = —- = 24, and 05 + 19 = 43. 

VERIFICATION. 

43 + 24 = 67, and 43 — 24 = 19. 

ANOTHEB SOLUTION. 

Let a denote the greater number. 

Then, 05 — 19 will represent the less, 
and, 205 — 19 = 67; whence 2a5 = 67 + 19. 

Therefore, 05 = — r= 43; 

and, consequently, 05 — 19 = 43 — 19 = 24. 

genehal solution of this probleji. 

The sum of two numbers is 8, their difference is d: what 
are the two numbers ? 
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Let X denote the less numben . 

Then, x + d will den^e the greater, 
and 2x + d = «, their sum. Whence, 

— LZJ? — * - . 
* "" 2 ""2 2' 

and, oonseqnently, 

^v2 2^ 2^2 

As these two results are not dependent on particular 
values attributed to s. or d^ it follows that: 

1. Ths greater of two numbers is equal to half their sum^ 
plus half their difference : 

2. The less is eqv>dl to half their sum^ minus half their 
difference. 

Thus, if the sum of two numbers is 32, and their differ- 
ence 16, 

32 16 
the greater is, — - + — = 16 + 8 = 24; and 
2 2 

*v 1 32 16 ,^ ^ ^ 

the less, —=16 — 8= 8. 

2 2 

VERIFICATION. 

24 + 8 = 32; and 24 - 8 = 16. 

8. A )(Virson engaged a workman for 48 days. For each 
day that he labored he received 24 cents, and for each day 
that he was idle, he paid 12 cents for his board. At the 
end of the 48 days, the account was settled, when the laborer 
received 604 cents. JRequiredj the number of working daySj 
and the number of days he was idle. 

If the number of working days, and the number of idle 
days, were known, and the first multiplied by 24, and the 
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siecond by 12, the difference of these products would be 
604. Let us indicate these operations by means of algebraic 
fdgns. 

Let X denote the number of working days. 

Then, 48 — a; = the number of idle days, 
24 X a; = the amount earned, 
and, 12(48 — a;) = the amount paid for board. 

Then, 24a5 - 12(48 — a) = 604, 

what was received, which is the statement. 

Then, performing the operations indicated, 

24a; — 576 + 12a5 = 604, 
or, 36a; = 504 + 676 = 1080, 

and, X = -— - = 30, the number of working days; 

whence, 48 — 30 =18, the number of idle days. 

VERIFICATION. 

Thirty days' labor, at 24 cents ) ^^ ^ . ^^^ 
, ^ ^ ^ , ' ^30 X 24 = 720 cent*, 

a day, amounts to ) 

And 18 days' board, at 12 cents ) ,^ ,^ ^,^ 
, •; ^ ' ^ 18 X 12 = 216 cents, 
a day, amounts to ^ ) 

The difference is the amount received .... 504 cents. 



GISnSBAL SOLUnOK. 

This problem may be made general, by denoting the whole 
number of working and idle days, by w ; 

The amount received for each day's work, by a ; 

The amount paid for board, for each idle day, by b ; 

And what was due the laborer, or the balance of the 
account, by c 
6 
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As before, let the number of working dajB be denoted 
by a;. 

The number of idle days will then be denoted by n — as. 

Hence, what is earned will be expressed by oos, and the 
sum to be deducted, on account of board, by b{n — x). 

The statement of the problem, therefore, is, 

OJB — b{n — aj) = c. 
Performing indicated operations, 

ax — bn + bx = Cj or, {a + b)x =z c + bn; 

whence, x = — —j- = number of working days ; 

, c + bn an + bn^c—bn 

ana, n — x = n --t- = r^ 9 

' a+b a+b 

or, . n — CB = Pr- = number of idle days. 

Let us suppose n = 48, a -= 24, b = 12, and c = 504; 
these numbers will give for x the same value as before 
found. 

9. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-twelfth to a servant, 
and the remaining 1600 to the poor; what was the amount 
<rf the property? 

Let X denote the amount, in dollars, 

X 

Then, - = what he left to his wife, 

- = what he left to one daughter, 

2flB X 

jBnd, — = - wljat he left to, both daughterS| 

X 

also, — = what he left to his servant, 

imd, 1600 = what he left to the poor. 
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Then, by the conditions, 

OR QR SR 

- + ~ + — 4- 600 = Xj the amount of the property, 

which give9, x = $7200. 

10. A and JB play together at cards. A sits down with 
$84, and JS with $48. Each loses and wins in turn, when 
it appears that A has five times as much as £. How much 
did -4 win? 

Let X denote the number of dollars A won. 
Then, A rose with 84 + a; dollars,' 

and JB rose with 48 — a; dollars. 

But, by the conditions, we have, 

84 + as = 6(48 - a), 
hence, 84 + aj = 240 — 5x; 

and, 6a; = 156, 

consequently, • a; = 26 ; or -4 won |26. 

VKEIFICATION. 

84 + 26 = 110 ; 48 - 26 = 22; 
110 = 6(22) = 110. 

11.-4 can do a piece of work alone in 10 days, JS in l^ 
days; in what time can they do it if they work together? 

Denote the time by a^ and the work to be done, by 1. 
Then, in 

1 day, -4 can do — of the work, and 

JB can do — of the work; and in 
13 

X days, A can do —: of the work,^and 

JB can do — of the work. 
18 
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ITence, by the conditions, 

— + — = 1, which gives, 13x + lOaj = 130; 

130 
hence, 2Sx = 130, x = -— - = S^f days. 

23 

12. A fox, pursued by a hound, has a start of 60 of his 
own leaps. Tliree leaps of the hound are equivalent to 7 of 
the fox ; but while the hound makes 6 leaps, the fox raakee 
9 : how many leaps must the hound make to overtake the 
fox?' 

There is some difficulty in this problem, arising ifrom the 
different units which enter into it. * 

Since 3 leaps of the hoimd are equal to 7 leaps of the fox, 

7 
1 leap of the hound is equal to - fox leaps. 

3 

Since, while the hound makes 6 leaps, the* fox makes 0, 

Q Q 

while the hound makes 1 leap, the fox will make ^ » or - 

leaps. 

Let X denote the number of leaps which the hound makes 

before he overtakes the fox ; and let 1 fox leap denote the 

unit of distance, 

7 
Since 1 leap of the hound is equal to ~ of a fox leap, x 

leaps will be equal to -ar fox leaps ; and this will denote the 
3 

distance passed over by the hound, in fox leaps. 

Since, while the hound makes 1 leap,* the fox makes - 

3 
leaps, while the hound makes x leaps, the fox makes ^ leaps ; 

and this added to 60, his distance ahead, will give 

-a + 60, for the whole distance passed over by the fox. 
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Hence, from the conditions, 



7 3 

-aj = -aj -f 60 ; whence, 

1405 = 905 + 860 ; 
X = 72. 



The hound, therefore, makes 72 leaps before overtaking 
ie fo 
leaps. 



3 
the fox; in the same time, the fox makes 72 x - = 108 



VERIFICATION. 

108 + 60 = 168, whole number of fox leaps, 

7 ■ ' 

72 X - = 168. 
o 

13. A father leaves his property, amounting to $2520, to 
four sons, A^ B^ C, and D. C is to have $360, B as much 
as C and D together, and A twice as much as J5, less $1000 : 
how much do -4, j5, and D receive ? 

Ans. A, $760 ; B, $880 ; J9, $520. 

14. An estate of $7500 is to be divided among a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more than all the children : what was her share, and what 
the share of each child ? 

{Widow's share, $4000. 
Each son's, 1000. 

Each daughter's, 500. 

15. A company of 180 persons consists of men, women, 
and children. The •len are 8 more in number than the 
women, and the children 20 more than the men and women 
together : how many of each sort in the company ? 

Ana, 44 men, 86 women, 100 children. 
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16. A fiither divides $2000 among five sons, so that each 
elder should receive $40 more than his next younger bro- 
ther : what is the share of the youngest? Ans» $320. 

17. A purse of $2850 is to be divided among three per- 
sons, -4, jB, and (7. A^s share is to be to B^s as 6 to 11, 
and (7 is to have $300 more than A and B together : what 
is each one's share? A^s^ $460 ; Bs^ $825 ; (7'5, $1575. 

18. Two pedestrians start from the same point and travel 
in the same dh-ection ; the first steps twice as far as the 
second, but the second makes 5 steps while the first makes 
but one. At the end of a certain time they are 300 feet 
apart. Now, allowing each of the longer paces to be 3 feet, 
how far will each have traveled ? 

Ans. 1st, 200 feet ; 2d, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices 
received at the end of a certain time $144. The carpenters 
received $1 per day, each journeyman, half a doUar, and 
each apprentice, 25 cents : how many days were they em- 
ployed ? Ana, 9 days. 

20. A capitalist receives a yearly income of $2940 ; four- 
iifths of his money bears an interest of 4 per cent., and the 
remainder of 5 per cent. : how much has he at interest ? 

Ans, $70000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third, in three: 
in what time will the cistern be emptied if they all run to- 
gether ? Ans. 32tV niin, 

22. In a certain orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum tre^; there are also, 120 
cherry trees, and 80 pear trees : how many trees in the 
orchard? Ans. 2400. 

23. A farmer being asked hoT^ many sheep he had. 



PE3BLEM8. 127 

answered, that he had them in five fields ; in the 1st he had 
j, in the 2d, |, in the 3d, |, and in the 4th, yVj, and in the 
5th, 450 : how many had he ? Ans. 1200. 

24. My horse and saddle together are worth $132, and 
the horse is worth ten times as much as the saddle : what 
is the value of the horse? Ans. $120. 

25. The rent of an estate is this year 8 per cent, greater 
than it was last. This year it is $1890 : what was it last 
year? Ans. $1750. 

26. What number is that, from which if 6 be subtracted, 
I of the remainder will be 40 ? Ans, 65. 

27. A post IS J in the mud, \ in the water, and 10 feet 
above the water : what is the whole length of the post ? 

Ans. 24 feet. 

28. After paying \ and J of my money, I had 66 guineas 
left in my purse : how many guineas were in it at first ? 

Ans. 120. 

29. A person was desirous of ^ving 3 pence apiece to 
some beggars, but found he had not money enough in his 
pocket by 8 pence ; he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beg- 
gars. Ans. 11. 

30. A person, in play, lost \ of his money, and then won 
3 shillings ; after which he lost \ of what he then had ; and 
this done, found that he had but 12 shillings remaining: 
what had he at first? Ans. 20«. 

31. Two persons, A and JB, lay out equal sums of money 
in trade; A gains $126, and B loses $87, and A^s money is 
then double oiJS^s : what did each lay out? Ans. $300. 

32. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings : he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
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again as much money as was left, he went to a third tayern, 
where likewise he spent 2 shillings, and borrowed as much 
as he had left : and algain spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first ? Ans. Zs. 9d. 

83. A tailor cut 19 yards from each of three equal pieces 
of cloth, and 17 yards from another of the same length, 
and found that the four remnants were together equal to 
1^ yards. How many yards in each piece? An,<i. 54. 

34. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavahy. Now, there are nine times 
as many infantry, and three times as many artillery soldiers 
as there are cavalry. How many are there of each corps ? 

Ans. 200 cavalry; 600 artillery; 1800 infantry. 

35. All the joumeyings of an individual amounted to 2970 
miles. Of these he traveled 3^ times as many by water as 
on horseback, and 2| times as many on foot as by water. 
How many miles did he travel in each way ? 

Ans» 240 miles^ 840 m. ; 1890 m. 

36. A sum of money was divided between two persons, 
A and JS, A*s share was to J3^s in the proportion of 6 to 3, 
and exceeded five-ninths of the entire sum by 50. What 
was the share of each? Afis, A'^s share, 450; jB'5, 270. 

37. Divide a number a into three such parts that the 
second shall be n times the first, and the third m times as 
great as the first. 

a . 9/1 wa ^ , ma 

^ 1 4- m -f n' ' 1 + m + n' ' 1 + m -f w* 

38. A father directs that $1170 shall be divided among 
his three sons, in proportion to their ages. The oldest is 
twice as old as the youngest, and the second is one-tliird 
older than the youngest. How much was each to receive ? 

Ans. *2 70, youngest; $360, second ; $540, eldest 
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89. Three regiuiAnts are to furnish 694 men, and each to 
iiirmsh in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second 
to the third as 8 to 7. How many must each furnish ? 

Ana. 1st, 144 men ; 2d, 240 ; 3d, 210. 

40. Five heirs, -4, -B, C, J9, and JSJ arc to divide an inher- 
itance of 15600. J9 is to receive twice as much as -4, and 
$200 more ; C three times as much as A^ less |400 ; D Xh^ 
half of what B and C receive together, and 150 more; aijd 
E the fourth part of what the four others get, plus $475. 
How much did each receive ? 

AH, $500; J?'5, 1200; (7'5, 1100; J9'«, 1300; EH, 1500. 

41. A person has four casks, the second of which being 
filled from the first, leaves the first four-sevenths full. The 
third being filled from the second, leaves it one-fourth full, 
and when the thiid is emptied into the fourth, it is found to 
fill only nine-sixteenths of it. But the first wiU fill the tlnrd 
and fourth, and leave 15 quarts remaining. How many 
gallons does each hold ? 

Ans. 1st, 35 gal. ; 2d, 15 gaL ; 3d, 11 J gaJ. ; 4th, 20 gaL 

42. A courier having started from a place, is pursued by 
a second after the lapse of 10 days. The first travels 4 
miles a day, the other 9. How many days before the 
second will overtake the first ? Ans. 8. 

43. A courier goes 31^ miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22J miles every three hours. How many 
hours before he will overtake the first ? Ans. 42. 

44. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other at the rate of 3J 
miles per hour. Eight hours after, a person departs from 
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the second place, and travels at the rate of 5} miles per honr. 
How long before they will be together ? 

Ana. 6 hours. 

EQUATIONS CONTAINING TWO UNKNOWN QUANTITIES. 

110. If we have a single equation, as, 

2a; + 3y = 21, 

containing two unknown quantities, x and y, we may find 
the value of one of them in terms of the other, as, 

. = ?ii^ (..) 

Now, if the value of y is unknown, that of x will also be 
unknown. Hence, from a single equation, contafeiing two 
unknown quantities, the value of x cannot be determined* 

If we have a second equation, as, 

6a5 + 4y = 35, 
we may, as before, find the value of aj in terms of y, giving, 

35 — 4y , ^ . 

« = —1— ('^•) 

Now, if the values of x and y are the same in Equations 
( 1 ) and ( 2 ), the second members may be placed equal to 
each other, giving, 

21-3y^35-jy^ ^^ 105 - 15y = W - Sy^ 
from which we find, y = 6. 

110. In one equation containing two unknown quantities, can you find 
the value of either ? If you have a second equation involving the same 
two unknown quantities, can you find their values ? What are such equa* 
tionB isalled ? 
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Subtituting this value for y in Equations ( 1 ) or ( 2), we 
find a; = 3. Such equations are called Simvltaneou* 
equcUions. Hence, 

111. Simultaneous Equations are those in which the 
values of the unknown quantity are the same in both. 

ELXMINATION. 

lia. Elimination is the operation of combining tWo 
equations, containing two unknown quantities, and deducing 
tlierefrom a single equation, containing but one. 

There are three princ^)^! methods of elimination : 

Ist. By addition or subtraction, 

2d. By substitution. 
• 3d. By comparison. 
We shall consider these methods separately. 

Elimination hy Addition or Subtraction, 
1. Take the two equations, 

3aj — 2y = 7, 
8aj + 2y = 48. * 

If we add these two equations, member to member, we 

obtain, 

lla; = 65; 

which gives, by dividing by 11, 

SB = 5; 

and substituting this value in either of the given equations, 
we find, 

y = ■*• 

111. What are simultaneoua equations ? 

112. What is elimination? How many methoda of elimination are 
therof What are th»rjr ? 
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2. Again, take the equations, 

8a5 + 2y = 48, 
Sx + 27/ = 23. 

If we subtract the 2d equation from the 1st, we obtain, 

5a; = 25; 

which gives, by dividing by 5, 

05 = 5; 

and by substituting tliis value, we find, 

y = 4. 

3. Given the sum ot two numbers equal to «, and their 
difference equal to d^ to find the numbers. 

Let X = the greater, and y the less number. 

Then, by the conditions, aj + y = «, 

and, aj — y = dl 

By adding (Art. 102, Ax. 1), 2x = s + cL 

By subtracting (Art. 102, Ax. 2), . , . 2y = « — d. 

Each of these equations contains but one unknown quantity. 
From the first, we obtain, » = ^ , 

and firom the second, ••.....• y = -.• 

These are the same values as were found in Prob. 7, page 
120. 

4. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when the 
laborer received 504 cents. Required the number of work- 
ing days, and the number of days he was idle. 
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Let X = the number of working days, 

y = the number of idle days. 

Then, 24x = what he earned, 

and, 12y = what he paid for his board. 

Then, by the conditions of the question, we have, 

X + y = . 48, 
and, 24a5 — 12y = 504. 

This is the statement of the problem. 

It has already been shown (Art. 102, Ax. 8), that the two 
members of an equation may be multiplied by the same num- 
ber, without destroying the equality. Let, then, the first 
equation be multiplied by 24, the coeflScient of a; in the 
second ; we shall then have, 

24a5 -f 24y = 1152 
24aj — l2y = 504 

and by subtracting, 36y = 648 

648 
••• 2^ = -36 = ^^- 

Substitufing this value of y in the equation, 

24a; -> 12y = 504, we have, 24x — 216 =. 504; 

which gives, 

24i8 — 604 + 216 = 720, and aj = -^ = 80. 

VERIFICATlulT. 

X + y = 48 gives 30 + 18 = 48, 

24flB — l?y = 604 gives 24 X 30 — 12 X 18 = 504. 



184 
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11 8* In a similar manner, either unknown quantity may 
be eliminated from either equation ; hence, the following 



•BITLE. 



I. Frepare the equcUiofis so that the coefficients of the 
quantity to he eliminated sJhdU be numerically equal: 

n. If the signs are unlike^ add the equations^ member 
to m^mder; ifcUike^ subtract them^ member from member. 



EXAMPLES. 



Find the values of x and y, by addition or subtraction, 
in the following simultaneous equations : 



(3a,- y = 3) 
( y + 2x = 1) 

( 605 + 2y = 37 ) 

^ j 205 + 6y = 42 ) 
( 835 — 6y = 3 ) 

g (8x-9y = 1 ) 
( 6a5 — 8y = 4a! ) 

g j 14a! - 16y = 12 ) 
' ( 7ai + 8y = 37 J 



10. { 



1.1 



35- y = - 2J 



Ans. OS = 2, y = 8. 

Ans. 85 = 6, y = 6. 

^n«. 05 = 4 J, y = 6J. 

^fw. 05 = i-, y = !• 
-4n«. 05 = 8, y = 2. 

Ans. " 05 = 6, y = 9. 
47W. < 05 = 14, y = 16. 



lis. What 18 the rule ftw «liromatioii by additUo or mbtraetion t 
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12. Says A to -B, you give me $40 of ^our money, and 
I shall then have five times as much as you will have left. 
Now they both had $120 : how much had each ? 

Ans, Each had $60. 

13. A father says to his son, " twenty years ago, my age 
was four times yours ; now it is just double : " what were 
their ages ? J i father's, 60 years. 

' ( Son^, 30 years. 

14. A father divided his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and t&e younger had made $1000, and their property 
was then equal. After this the elder spent $500, and the 
younger made $2000, when it appeared that the younger had 
just double the elder: what had each from the father? 

J j Elder, $4000. 
^^' ( Younger, $2000. 

15. If John ^ve Charles 15 apples, they will have the 
same number ; but if Charles give 15 to John, John will 
have 15 times as many, wanting 10, as Charles will have lefl. 
How many has each? . j John, 50. 

^'^' ( Charles, 20. 

16. Two clerks, A and ^, have salaries which are together 
equal to $900. A spends -j^ per year of what he receives, 
and -B adds as much to his as ^ spends. At the end of the 
year they have equal sums: what was the salary of each? 

. j ^'« = $500. 
^^^•|^'. = $400. 

JElimination by /Substitution. 

114* Let us again take the equations, 

5x+1y = 43, (1.) 

11a; + 9y = 69. (2.) 

114. Give the rule for elimination by Bnbstitution. When is this metbod 
ued to the gre«te8t advantag^e f 
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Find the value of a; in the first equatioDi which givei^ 

6 

Substitute this value of a; in the second equation, and w€ 
have, 

43 — 1v 
11 X ^-^ + 9y = 69; 

or, 473 - 77y + 45y = 346 ; 

or, — 32y = — 128. 

Here, w has been eliminated hj substitution. 

In a similar manner, we can eliminate any unknown quan* 
tity ; hence, the 

BULE. 

I. Find from either equation the value of the unhnoton 
quantity to be eliminated: 

n. Substitute this value for that quantity in the other 
equation. 

Note.— This method of elimination is used to great advan« 
tage when the coefiicient of either of the unknown quantities 
is 1. 

EXAMPLES. 

Find, by the last method, the values <^. x and y in the 
following equations : 

1. 305 — y = 1, and- 3y — 2a5 = 4. 

Ans. 05 = 1, y = 2. 

2. By — 4aB = — 22, and 3y + 4o5 = 38. 

Ans. 05 =8, y = 2. 

8. « + 8y = 18, and y — 3a; = — 20. 

Ana. a^ = 10, y =r !• 
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2 

6« — y = 13, and Sjc + -y = 29. 

Ans. a; = 3^, y = 4|. 
10x-|=,69, and lOy - f = 49. 



Ans. SB = 7, y = 5. 

-fl5 — ?^ = 10. and - + ^- 
B ^ 10 

An%, 35 = 8, y = 10. 



6. « + -a? — ^ = 10, and - + -^ = 2 
• ^ 2 6 ^ 8 10 



.4yw. aj = 16, y = 14. 

V 85 , V 35 1 

8. | + - + 8 = 6i, and \- -^ = -^' 

Am. a; = 3^, y = 4. 

9. ?^ - - + 6 = 6, and — — ii = 0. 
8 4^ • 12 16 

Ana. as = 12, y = 16. 

10. ^ - ^ - 1 = - 9, and 6a5 - ^ = 29. 
7 2 ' 49 

-47W. as = 6, y =z 1. 

11. Two misers, -4 and J5, sit down to count over their 
money. They both have $20000, and J5 has three times as 
much as A : how much has each ? , a akaa/^ 

Ana. M> *^000- 
(jB, $15000. 

12. A person has two purses. If he puts $7 into the first, 
the whole is worth three times as much as the second purse : 
but if he puts $7 into the second, the whole is worth five 
times aa much aa the first : what is the value of each purse ? 

Am. 1st, $2 ; ^d, $3. 
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13. Two numbers have the following properties: if the 
first be multiplied by 6, the product will be equal to the 
second multiplied by 5 ; and 1 subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers ? Ans. 6 and 6. 

14. Find two numbers with the following properties : the 
fii'st increased by 2 is 3^ times as great as the second; 
and the second increased by 4 gives a number equal to half 
the first: what are the numbers? Ans, * 24 and 8.' 

16. A father says to his son, "twelve years ago, I was 
twice as old as you are now: four times your age at that 
time, plus twelve years, will express my age twelve years 
hence : " what were their ages ? 

. ( Father, 72 years. 
^''^- \ Son, • 30 " 



Elimination by Comparison, 

115. Take the same equations, 

5jb + 7y = 43 
llaj + 9y = 69. 

Finding the value of x from the first equation, we have, 

43 - 1y 

X = : 

6 * 

and finding the value of x from the second, we obtain, 

69 — 9y 



X =z^ 



11 



115. Qiv« the rule for elimin^tiDn by comparison. 
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Let these two valaes of x be placed equal to each other, 
and we have, 

43 — 1y _ 69 — 9y 
6 " 11 * 

Or, 473 — 77y = 846 - 46y; 

or, — 32y = — 128. 

Hence, y = 4, 

A ^ 69 - 36 ■ 

And, X = — — — = 8. 

This method of elimination is called the method hj cony- 
parisoHy for which we have the following 

BULE. 

L JFind^ from each equation^ the value of the same 
unknown quantity/ to be eliminated: 
n. P/aee t?iese valites eqtuil to each other, 

EXAMPLES. 

Fmd, by the last role, the values of x and y, from the 
following equations, 

1. 8« + I + 6 = 42, and y - § = 1^" 

Ans. aj = 11, y = 15. 

2. |-| + 5 = 6, and | + 4 = ^ + 6. 

Ans. 05 = 28, y = 20. 

t/ as 22 
8. J - 4 + -a" = 1. «^d 8y - as = 6. 

Ana. X = 9, y = 6. 

«. y - 8 = ^aj + «, and 5^ = y - 8J. 

Ana. e ss 2, y = a. 
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5. ?^ + I = y - 2, and | + | = 05 - 13. 

An$. X = 16, y = 7. 

^n*. 85 = 10, y = iJ. 

^ 2aj — 3y ^, y — 1 

7. --^ = 05-21, 05 - ^-g— = 0. 

Ana. 9 =:^ 1, y = S. 

8. 2y + 3« = y + 43, y — ^^^ = ^ "" s' 

^n«. 05 = 10, y = 13. 

9. 4y - °^ 7^ = 05 + 18, and 27 — y = o; + y + 4. 

^iM. 05 = 9, y = 7. 

10. i_?L=Lf+4 = y-.16», 1-2 = ?- 

^715. 05 = 10, y = 20. 

1 16. Haying explained the principal methods of elimina- 
tion, we shall add a few examples which may be solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all, eveii in the same example. 
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Find the values of 05 and y in the following sunultaneoua 
equations : 

1. 205 + 3y = 16, and 3a! — 2y = 11. 
/ Ans. a =r 5, y = 2. 
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2, ?? + ?y = i and ^* + 2y 61 

Ana. a; = - , v = - • 

a. I + 7y = 99, and | + 7a; = 61. 

u4/25. aj = 7, y = 14. 

4. 1-12^1 + 8. ^ + ?_8 = ?l^%2r. 

-4wtf. 35 = 60, y = 40. 



5. ^ 



4a; 



« - iy + X = ^i 



a; — V 



Ana. 



a; = 6. 



y=8. 



i« - y + *iy = 12^ , 

8y^- as 2a - y -) 

8 — 2a5 ■ 

6aj - y + 2_i? =, 43J 

^ 3a? — 8 ^ y — 6 
4 



8a; — 3 — ^^ 2. — '^o 

'4a; — 4 y — 5 
—3— - ^ + 6 = 12| 

Jo; ^ iy + yjzJ ^ I 



^72^. 



a; = 5. 



.y = 3. 



^n^. ^ 






-4w5. - 



14a 



10. i 
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ax -- by =z c 



Ans, 



X = 



y = 



a~5 

a* 4- c — ad 



a-6 



= -12. 
60. 



i 2x+\y = 1 ) ( y = 

(2a;+10 = 3y+l ) ( y = 6. 



13. < 



14. -^ 



15. 



16. 



ax = by 

as + y = c 

oa; + ^ = 
/aj + ^ = A 



be 



Ana. 



Ana, 



Ana. 



b + y 8a + « 
ax + 2Jy = d 

box = cy — 2ft 



yy + -l-^^-^ = - + c3a., 



X = 



y = 



-4n«. 



a; 


a 


+ b' 


y 


~ a 


ae 

+b' 




eg 


-bh 




ag 


-bf 


y = 


ah ■ 


-cf^ 


ag- 


-bf' 


2J»- 


- 6a« + rf 




Sa 




8a« ■ 


- 5» + d 



Zb 



a 
be 



y= 



a + 2b 



17. 






a; = 



y = 



c 

bf 
b-f 

b-\-f 
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PEOBLEMS. 

1. What fraction is that, to the numerator of which if 1 

be added, the value will be - , but if 1 be added to its 

^ 1 
denominator, the value will be ~f 

Let the fraction be denoted by - • 

Then, by the conditions, 

35 + 1 1 , X 1 

— - — = - , and, = T • 

y 3' ' y + l 4 

whence, 8a5 + 3 = y, and te = y +1. 

Therefore, by subtracting, 

aj — 3 = 1, and a: = 4. 

Hence, 12 + 3 = y; 

.-. y = 16. 

2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others at 3 for a penny ; and 
having sold them all together, at the rate of 5 for 2d^ found 
that she had lost Ad: how many of both kinds did she buy ? 

liCt 2x denote the whole number of eggs. 

Then, x = the number of eggs of er.ch sort. 

Then will, -oJ = the cost of the first sort, 
and, -05 = the cost of the second sort. 

But, by the conditions of the question, 

4a5 
6 : 2a5 : : .2 : -— ; 
6 

hence, --- will denote the amount for which the eggv 

were sold. — 
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But, by tlie conditions, 

-x A — X = 4: 

2 3 6 ' 

therefore, \hx + 10a; — 2405 = 120; 

. •. a = 120 ; the number of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, for 
which he received a certain interest ; but he owed the sum 
of 20,000 dollars, for which he paid a certain annual interest. 
The interest that he received exceeded that which he paid 
by 800 dollars. Another person possessed 36,000 dollars, for 
which he received interest at the second of the above rates; 
but he owed 24,000 dollars, for which he paid interest at the 
first of the above rates. The interest that he received, an- 
nually, exceeded that which he paid, by 310 dollars. Re- 
quired the two rates of interest. 

Let X denote the number of units in the first rate of 
interest, and y the unit in the second rate. Then each may 
be regarded as denoting the interest on $100 for 1 year. 

To obtain the interest of $30,000 at the first rate, denoted 
. by as, we form the proportion, 

,^/V «/V.X/N/V 80,00005 „^^ 

100 : 30,000 :: 35 : — t-^tt-j or 300a8. 

And for the interest of $20,000, the rate being y, 

100 : 20,000 : : y : ^^^^^^^ , or 200y. 

But, by the conditions, the difference between these two 
amounts is equal to 800 dollars. 

' We have, then, for the first equation Si the problem, 

SOOoj — 200y = 800. 
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By expressing, algebraically, the second condition of the 
problem, we obtain a second equation, 

350y — 240a; = 310. 

Both members of the first equation being divisible by 100, 
and those of the second by 10, we have, 

Sa; — 2y = 8, 36y — 24aj = 31. 

To eliminate a, multiply the first equation by 8, and then 
add the result to the second ; there results, 

19y = 95, whence, y = 6. 

Substituting for y, in the first equation, this value, and 
that equation becomes, 

3a5 — 10 = 8, whence, x = 6. 

Therefore, the first rate is 6 per cent, and the second 5. 

VERIFICATIOK. 

$80,000, at 6 per cent, gives 30,000 X .06 z= $1800. 
$20,000, 6 " " 20,000 X .05 = $1000. 

And we have, 1800 — 1000 = 800. 

The second condition can be verified in the same manner. 

4. What two numbers are those, whose difference is 7, 
and sum 33 ? Ans. 13 and 20. 

5. Divide the number 15 into two such parts, that three 
times the greater may exceed seven times the less by 15. 

Ans. 54 and 21. 

6. In a mixture of wine and cider, ^ of the whole plus 26 
gallons was wine, and "J part minus 5 gallons was cider: how 
many gallons were there of each ? 

Ans. 85 of wine, and 35 of cider. 

1 
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V. A bill of £120 wsts paid in guineas and moidores, and 
the number of pieces used, of botb sorts, was just 100. K 
the guinea be estimated at 2 Is, and the moidore at 27^, how 
many pieces were there of each sort ? Ana. 60. 

8. Two travelers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
travels 8 miles a day, and the other 7 : in what time will 
they meet ? Ans. In 10 days. 

9. At a certain election, 375 persons voted for two candi* 
dates, and the candidate chosen had a majority of 91 : how 
many voted for each ? 

A718. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the first horse, it 
makes their joint value double that of the second horse; 
but if it be put on the back of the second, it makes their 
joint value triple that of the first : what is the value of each 
horse? Ans. One £30, and the other £40. 

11. The hour and minute hands of a clock are exactly to- 
gether at 12 o'clock : when will they be again together? 

Ans. Ih. 5^m* 

12. A man and his wife usually drank out a cask of beer 
in 12 days ; but when the man was from home, it lasted the 
woman 30 days : how many days would the man alone be 
in drinking it? Ans. 20 days. 

13. If 32 pounds of searwater contain 1 pound of salt, how 
much fresh water must be added to these 32 pounds, in order 
that the quantity of salt contained in 32 pounds of the new 
mixture shall be reduced to 2* ounces, or | of a pound ? 

Ans. 224 lbs. 

34. A person who possessed 100,000 dollars, placed the 
greater part of it out at 6 per cent interest, and the other 
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at 4 per cent. The interest which he received for the whole, 
amounted to 4640 dollars. Required the two parts. 

Ans. $64,000 arid $36,000. 

15. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of the votes of * 
the unsuccessful candidate been also given to him, he would 
have received three times as many as his competitor, want- 
ing three thousand five hundred : how many votes did each 
receive? . j 1st, 6500. 

^''^- I 2d, 5000. 

16. A gentleman. bought a gold and a silver watch, and a 
chain worth $25. When he put the chain on the gold watcht 
it and the chain became worth three and a half times more 
than the silver watch ; but when he put the chain on the 
silver watch, they became worth one-half the gold watch 
and 16 doUars over : what was the value of each watch ? 

J j Gold watch, $80. 
^'^' (Silver " $30. 

1*1. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 11, 
and if 13 be added to the first digit the sum will be three 
times the second: what is the number ? Ans. 56. 

18, From a company of ladies and gentlemen 15 ladies 
retire; there are then left two gentlemen to each lady. 
After which 45 gentlemen depart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first ? J 1 ^^ gentlemen. 



I 



40 ladies. 



19. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at $2 each, he will lose $30 on hia 
horse ; but if he sells them at $3 each, he will receive $30 
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more than his horse cost hun. What ^is the value of the 
horse, and number of tickets? . j Horse, $150. 

( No. of tickets, 60, 

20. A person purchases a lot ot wheat at |1, and a lot of 
'rye at 15 cents per bushel ; the whole costing him $117.60. 

He then sells I of his wheat and \ of his rye at the same rate, 
and realizes $27.50. How much did he buy of each ? 

J j 80 bush, of wheat. 
\ 60 bush, of rye. 

21. There are 62 pieces of money in each of two bags. A 
takes from one, and 3 from the other. A takes twice as 
much as .B left, and J3 takes 7 times as much as A left. 
How much did each take ? , j -4, 48 pieces. 






28 pieces. 

22. Two persons, A and ^, purchase a house together, 
worth $1200. Says A to ^, give me two-thirds of your 
money and I can purchase it alone ; but, says jB to ^, if 
you will give me three-fourths of your money I shall be able 
to purchase it alone. How much had each ? 

Am. Ay $800 ; J5, : 



23. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 785. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 795. a dozen. What is the price of each liquor per 
dozen ? Ans, SheiTy, 8l5. ; brandy, 725. 

Equations containing three or more unknown quantities, 

117. Let us now consider equations involving three or 
more unknown quantities. 
Take the group of simultaneous equations, 

117. Give the rule for solving any group of simultaneous equation! f 
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6x - 6y + 42 = 15, . . (1.) 

7a5 4- 4y — 82 = 19, . . (2.) 

2a; 4- y + 62 = 46. • • . (3.) 

To eliminate z by means of the first two equations, multi- 
ply the first by 3, and the second by 4 ; then, "^nce the 
coefficients of z have contrary signs, add the two results 
together. This gives a new equation : 

43a5 — 2y = 121 (4.) 

Multiplying the second equation by 2 (a factor of the 
coefficient of 2 in the third equation), and adding the result 
to the tkird equation, we have, 

1635+ 9y = 84 (5.) 

The question is then reduced to finding the values of x 
and y, which wiU satisfy the new Equations (4) and (5). 

Now, if the first be multiplied by 9, the second by 2, and 
the results added together, we find, 

41935 = 1257 ; whence, aj = 3. 

We might, by means of Equations ( 4 ) and ( 5 ) deter- 
mine y in the same way that we have determined x ; but 
the value of y may be determined more simply, by substi- 
tuting the value of aj in Equation ( 5 ) ; thus, 

48 + 9y = 84. . • . y = "^ = 4. 

In the same manner, the first of the three given equations 
becomes, by substituting the values of x and y, 

24 
15 — 24 + 42 = 15. .*. 2 = -- = 6. 

4 

In the same way, any group of simultaneous equations 
may be solved. Hence, the 
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BTTLE. 

L Combine one equation of the group with each of the 
others, by eliminating one unknown quantity ; there wiU 
result a new group containing one equation less than the 
original group: 

n. Combine one equation of this new group with each 
of the others, by eliminating a second unknown quantity; 
there wiU result a new group containing two equations less 
than the original group : 

HE. Continue the operation until a single equation is 
found, containing but one unknown qicantity : 

IV. Find the value of this unknown quantity by the 
preceding rules ; substitute this in one of the group of 
two eqications, and find t/ie value of a second unknown 
quantity; substitute these in eit/ier of the group of three, 
finding a third unknown quantity ; and so on, tiU the 
values of all are found. 

Notes. — 1. In order that the value of* the unknown quan- 
tities may be determined, theite must be* just as many inde- 
pendent equations of condition as there are unknown quan- 
tities. If there are fewer equations than unknown quantities, 
the resulting equation will contain at least two unknown 
quantities, and hence, their values cannot be found (Art. 110). 
If there are more equations than imknown quantities, the 
conditions maybe contradictory, and the equations impossible. 

2. It often happens that each of the proposed equations 
does not contain all the unknown quantit^.es. In this case, 
with a little address, the elimination is very quickly per- 
formed. 

Take the four equations involving four unknown quanti- 
ties: 

2a5 — 3y + 22 = 13. (1.) 4y + 22 = 14. (3.) 

4w - 2aj = 30. (2.) 6y + 3w = 82. (4.) 



1 

i 
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By inspecting these equations, we see that the elimination 
of in the two Equations, ( 1 ) and ( 3 ), will give an equa- 
lion involving x and y; and if we eliminate u in Equa- 
tions (2) and (4), we shall obtain a second equation, in- 
volving X and y. These last two unknown quantities may 
therefore be easily determined. In the first place, the 
elimination of z fi-om ( 1 ) and ( 3 ) gives, 

7y — 2a; = 1 ; 

That of M from (2) and (4) gives, 

20y + 635 = 88. 

Multiplying the first of these equations by 8, and adding, 
41y = 41; 

Whence, y = 1. 

Substituting this value in 7y — 2aj = 1, we find, 

a? = 3. 

Substituting for x its value in Equation ( 2 ), it becomes 

4w - 6 = 30. 

Whence, u =z 9. 

And substituting for y its value in Equation (8), there 
results, 

« = 5. 

BZAMPLBS. . 



1. Given ^ 



« + y + « = 29 ' 
05 + 2y + 82 = 62 



^ + gy + ^ = 10 



to find a, y, and z, 
Ans. a = 8, y = 0, « = 12. 
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{235 + 4y — 32 = 22 1 
405 — 2y + 62 = 18 I to 
605 + 7y - a = 63 J 



find Xj y, and & 
^TW. 05 = 3, y = ^, a = 4. 



8. Given 



05 + ^y + i. = 32 

lx + \y + lz = 16 

1.1.1 

-05 H — V A — s = 12 

L 4 ^ 6^ ^ 6 



to find 05, y, and z. 



4. Given 



-47W. 05 = 12, y = 20, z = 30. 

{05 + y + 2 = 29J >j 
05 + y — s = 18J > to find 05, y, 
05 - y + 2 = 13J J 



/, and 2. 
^n«. 05 = 16, y = '^J, 2 = 6J' 



{305 + 5y = 161 ^ 
1x + 2z = 209 > to find 05, y, and 2. 
2y + 2 = 89 J 

Ana. 05 = 17, y = 22, 2 = 46. 



6. Given 



f 1 1 

- + - = a 
05 y 

05 2 

- +- = C 

y 2 



to find 05, y, and 2. 



« = 



a-f* — c'^ o + c — ft' ft+<5 — a' 



Note. — ^In this example we should not proceed to clear 
the equation of fractions; but subtract immediately the 
second equation from the first, and then add the third : we 
thus find the value of y. 
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PROBLEMS. 

1. Divide the number 90 into four such parts, that the 
first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be equal 
each to each. 

This problem may be easily solved by introducing a new 
unknown quantity. 

Let aj, y, 2, and w, denote the required parts, and desig- 
nate by m the several equal quantities which arise from the 
conditions. We shall then have, 

u 
X + 2 = m^ y — 2 = m, 22 = m, - = m. 

2 

From which we find, 
. = «»-2, y = m + 2, . = - « = 2m. 



And, by adding the equations. 



2 



m 
X + 1/ + z + u = m + m + -- + 2m = 4 Jm. 

2 

And since, by the conditions of the problem, the first 
member is equal to 90, we have, 

4Jm = 90, or fm = 90; 

hence, m = 20. 

Having the value of m, we easily find the other values; 
viz.: 

aj = 18, y = 22, z = 10, u = 40. 

2. There are three ingots, composed of different metals 
mixed together. A pound of the first contains 7 ounces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of 
the second contains 12 ounces of silver, 3 ounces of copper, 
and 1 of pewter. A pound of the third contains 4 ounces 
of alver, 7 ounces of copper, and 6 of p«wter. It is required 
7* 
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to find how much it will take of each of the three ingots to 
form a fourth, which shall contain in a pound, 8 ounces of 
silver, 3J of copper, and 4J of pewter. 

. Let Xj y^ and s, denote the number of ounces which it 
is necessary to take from the three ingots respectively, in 
order to form a pound of the required ingot. Since there 
are 7 ounces of silver in a p^und, or 16 ounces, of the first 
ingot, it follows that one ounce of it contains ^ of an ounce 
of sflver, and, consequently, in a number of ounces denoted 

we find that, — ^ , and — , denote the number of ounces 

of silver taken from the second and third ; but, from the 
enunciation, one pound of the fourth ingot contains 8 ounces 
of ffllver. We have, then, for the first equation, 

16 ^ 16 ^ 16 "■ ' 
or, clearing fractions, 

1x + 12y + ^z = 128. 
As respects the copper, we should find, 

3a5 + 3y + 7a = 60 ; 
and with reference to the pewter, 

6x + y + 5z = 68. 

As the coefficients of y in these three equations are the 
most simple, it is convenient to eliminate this imknown 
quantity first. 

Multiplying the second equation by 4, and subtracting the 
first from it, member from member, we have, 

&x + 242 m: 112. 
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Multipljing the third equation by 3, and subtracting the 
second firom the resulting equation, we have, 

16aj + 82 = 144. 

Multiplying this last equation by 3, and subtracting the 
preceding one, we obtain, 

40x s= 320; 
whence, a; = 8. 

Substitute this value for x in the equation, 

1635+ 8s = 144; 
it becomes, 120 + 6z = 144, 

whence, s = 3. 

Lastly, the two values, a; = 8, 2 = 3, being substituted 
in the equation, 

6x + t/ + 5z = 68, 
give, 48 + y + 16 = 68, 

whence, y = 6. 

Therefore, in ordit to form a pound of the fourth ingot,* 
we must take 8 ounces of the first, 6 ounces of the second, 
and 3 of the third. 

VEBIFICATION. 

If there be 7 ounces of silver in 16 ounces of the first 
ingot, in eight ounces of it there should be a number of 
ounces of silver expressed by 

1 X S 

16 
In like manner, 

12 X ^ ,4x3 

, and , 

16 ' 16 ' 

will express the quantity of silver contained in 6 ounc^ of 
the second ingot, and 3 ounces of the third. 
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Now, we have, 

7 X 8 .12 X 6 4 X 3 128 

, = — = 8; 

16 ^ 16 ^ 16 16 ' 

therefore, a pound of the fourth ingot contains 8 ounces of 
silver, as required by the enunciation. The same condition! 
may be verified with respect to the copper and pewter. 

3. A^s age is double j!5'5, and J?'5 is triple of C% and the 
Bum of all their ages is 140 : what is the age of each? 

Ans. A'8 = 84; J?'5 = 42; and C's = 14. 

4. A person bought a chaise, horse, and harness, for £60 ; 
the horse came to twice the price of the harness, and the 
chaise to twice the cost of the horse and harness : what did 
he give for each? i £13 6^. Sc?. for the horse. 

Ans. \ £6 135. 4<Z. for the harness. 
( £40 for the chaise. 

5. Divide the number 36 into three such parts that \ of 
the first, \ of the second, and \ of tljp third, may be all 
equal to each other. Aiis, 8, 12, and 16. 

6. If ^ and B together can do a piece of work in 8 days, 
A and G together in 9 days, and B and C in ten days, how 
many days would it take each to perform the same work 
alone? Ans. A, 14Jf ; B, 17H; G, 23^V 

1. Three persons, A^ J5, and (7, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of J5's money, which, added to his own, 
makes double the amount B had at fii*st. In the segond 
game, A loses and B wins just as much as C had at the be- 
ginning, when A leaves off with exactly what he had at fii'st : 
how much had each at the beginning ? 

Ans. A, $300 ; B, $200 ; G $100. 

8. Three persons, -4, J5, and (7, together possess $8640. 
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If B gives A $400 of his money, then A will have |320 
more than B\ but if B takes $140 of (7'5 money, then B 
and C will have equal sums : how much has each ? 

Ans. ^, $800; ^,$1280; C, $1560. 

9. Three persons have a bill to pay, which neither alone 
is able to discharge. A says to B^ " Give me the 4th of 
your money, and then I can pay the bill." B says to (7, 
** Give me the 8th of yours, and I can pay it." But G says 
to A^ " You must give me the half of yours before I can 
pay it, as I have but $8 " : what was the amount of their 
bill, and' how much money had A and B ? 

. j Amount of the bill, $13. 
•(^had$10, and ^$12. 

10. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capital 
1 per cent, more advantageously, had an annual income 
greater by 800 dollars. A third person, who possessed 
15000 dollars more than the first, putting out his capital 2 
per cent, more advantageously, had an annual income greater 
by 1500 dollars. Required, the capitals of the three per- 
sons, and the rates of interest. 

. J Sums at interest, $30000, $40000, $45000. 
' ( Rates of interest, 4 5 6 pr. ct. 

11. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together : what was her share, 
and what the share of each child ? 

C The widow's share, $8000 

Ana. \ Each son's, $2000 

( Each daughter's, $1000 
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12. A certain sum of money is to be divided betweea 
three persons, A^ B^ and C. -4 is to receive 13000 les? 
than half of it, B $1000 less than one-third part, and O to 
receive |800 more than the fourth part of the whole : what 
is the sum to be divided, and what does each receive ? 

iSum, $38400. 

A receives $16200. 
B « $11800. 
C " $10400. 

13. A person has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first liorse, it 
will make his value equal to that of the second and third ; 
if it be put on the back of the second, it will make his value 
double that of the first and third ; if it be put on the back 
of the third, it will make his value triple that of^the first 
and second : what is the value of each horse ? 

Ans. 1st, $20; 2d, $100; 3d, $140. 

14. The crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There were 22 sailors to 
every three guns, and 10 over ; also, the whole number of 
hands was five times the number of soldiers and guns to^ 
gether. But after an engagement, in which the slain were 
one-fourth of the survivors, there wanted 6 men to make 
13 men to every two guns: required, the number of guns, 
soldiers and sailors. 

Ana. 90 guns, 65 soldiers, and 670 sailors. 

15. Three persons have $96, which they wish to divide 
equally between them. In order to do this, -4, who has the 
most, gives to B and C as much as they have already ; then 
B divides with A and Q in the same manner, that is, by 
giving to each as much as he had after A had divided with 
them* C then makes a division with A and B^ when it is 
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fbond that they all have equal sums : how much had each 
at first? Am. Ist, $52; 2d, $28; 3d, (16. 

16. Divide the number a into three such parts, that the 
first shall be to the second as m to 9i, and the second to the 
third as ^ to ^. 

__ amp anp _^ anq 

"" mp+wp+w^' "" mp'\'np'\-nq^ "~ mp'\-np'\-nq 

17. Three masons, A^ j8, and (7, are to build a wall. A 
and B together can do it in 12 days ; B and (7 in 20 days ; 
and A and (7 in 15 days : in what time can each do it alone, 
and in what time can they all do it if they work- together ? 

Ans. A^ in 20 days; JS, in 30 ; and C^, in 60 ; all, in l(k 



160 SLEMENTAST ALaXBBA. 



CHAPTER VL 



POBMATION OF POWEBS. 



11§. A Power of a quantity is the product obtained by 
taking that quantity any number of times as a factor. 

If the quantity be taken once as a factor, we have the first 
power ; if taken twice, we have the second power ; if three 
times, the third power; if n times, the n'* power, n being 
any whole number whatever. 

A power is indicated by means of the exponential sign 

thus, 

a = a^ denotes first power of a.* 

square, or 2d power of a, 
cube, or third power of a. 
fourth power of a. 
fifth power of a. 
771** power of a. 

In every power there are three things to be considered : 

1st. The quantity which enters as a &ctor, and which is 
called the first power. 

2d. The small figure which is placed at the right, and 
a little above the letter, is called the ea^onent of the 

•Since a« = 1 (Art 49), a» X a = 1 X a = a*;,80 that the two 
factors of a^, are 1 and a. 

118. What is a power of a quantity? What is the power when the 
quantity is taken once as a factor ? When taken twice ? Three times f 
n tunes? How is a power indicated ? In every power, how many thing! 
•re considered ? Name them. 



axa = a* 


tc 


axaxa = a^ 


C{ 


axaxaxa = a* 


te 


axaxaxaxa = a* 


a 


axaxaxa.... = a" 


(( 
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power, and shows how many times the letter enters as a 
fiictor. 

3d. The power itself, which is the final product, or result 
of the multiplications. 

POWERS OP MONOMIALS. 

119. Let it be required to raise the monomial 2aW to 
the fourth power. We have, , 

{2a^V^Y = 2a^h^ X 2a^V^ X 2a^b^ X 2a3ft% 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct is 

(2aW)* = 2*a3 + 3 + 3 + 352+2+2V2 -. 2*a"J® ; 

from which we see, 

1st. That the coefficient 2 must be raised to the 4th 
power; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning applies to every example, we have, 
for the raising of monomials to any power, the following 

RULE. 

• I. liaise the coefficient to the required power : 

n. MuUiply the eaponent of each letter by the esxponent 
of t?ie power, 

EXAMPLES. 

1. What is the square of Ba^y^^ Ans. 9a V- 

119. What is the rule for raising a monomial to any power ? When 
the monomial is positive, what will be the sign of its powers f When 
ncgatiTe, what powers will be plus? what mhiusf 
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2. What is the cube of 6a V«^ ^^- 216aiV^- 

3. What is the fourth power of 2aV** ^ 16a"y«j2o, 

4. What is the square of a^^V ? . Ans. a^b^^y^. 

6. What is the seventh power of a^bcd^ ? 

Ans. a^^1Pc^d^\ 

6. What is the sixth power of aWc^d^ 

Ana. aWftJ8ci2(?». 

7. What -is the square and cube of — 2a'J*? 

Square. Cube. 



+ 4a*5*. + 4a*S* 

- 2a2ft3 



By observing the way in which the powers are formed, 
we DMiy conclude, 

1st. Wlien the monomial is positive^ all the powers wiQ 
be positive. 

2d. WTien the m,onomial is negative^ aU even powers imtt 
bepositivey and all odd will be negalive. 

8. What is the square of — 2a* J^ y ^^, 4a8jw 

9. What is the cube of - 5a«52 p ^^. _ 125a5«&«. 

10. What is the eighth power of — a'scy^ ? 

Ans. + a^^7^y^\ 

11. What is the seventh power of — a^J*c ? 

Ans. — a'^^V^c\ 

12. What is the sixth power of 2al>^y^ ? 

Ans. • 64a«J36y3^ ' 
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13. What is the ninth power o^ — a^h(y^ ? 

, Ana. — a^^'b^c^^ 

14. What is the sixth power of — Zdb'^d ? 

Ans. 729a«Ji2^«. 

15. What is the square of — lOa'^J^c^ ? 

Ana. 100a^b^*<fi. 

16. What is the cube of — 9a«J*e?y2 ? 

Ans. — 729a3«J3fi^y8, 

17. What is the fourth power of — 4a^b^(^d^ ? 

Ans. 266a205i2ci6^20 

18. What is the cube of — Aa^'^b^^'i^d? 

Ans. — 64a«"»ft«*c®rf3, 

19. What is the fifth power of 2a^^x^ ? 

Ans. S2a^^b^^Qfii/\ 

20. What is the square of 20a5*y«»c*? Ans. 400aj2«y2m^i^ 

21. What is the fourth power of 3a«J2«^8? 

^w«. 81a*«5^«c". 

22. What is the fifth power of — c-rf^^^V p 

Ansi. — c^^d^^^^^y^^, 

23. What is the sixth power of — a^'b^^c^? 

Ans. a^^b^^^c^, 

24. What is the fourth power of — 2aVc?3. 

Ans. 16aVe?«. 

VOWEBS OF FRACTIONS. 

ISIO. From the definition of a power, and the rule for 
the multiplication of fi-actioriS, the cube of the firaction ^, is 
written, 

/?^V_ ? V " V ? _ "'. 

\*/ ~ h^ b b - b»' 

ISO. Wb»t Is t£« rnl. for rainng a fraction to aax poww t 
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and since any fraction raised to any power, may be written 
nnder the same form, we find any power of a fi-action by 
tbe following 

BITLB. 

jRaise the numerator to the required power for a new 
numerator^ and the denominator to the required power for 
a new denominator. 

The rule for signs is the same as in the last article. 

EXAMPLES 



Find the powers of the following fractions : 



— /i\a 






a^ — 2ac -f- c* 



Sbcf 
2ab / 



62 + 26c + c* 


-4w*. 




Ana. 


SK8y* 

16a*6* 


Ans. 


4a^y^ 






(- 



1. 



\2bz^f 86V 



8. Fourth power of ^,. ' Am. "^^'^ 



2a?y« ■ lOicy 

8. Cube of "-^ly. ^n,. ^-3«V + 3ay^-V 



as + y a? + Za?y + 8a!y» + y» 
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10. Fourth power of - — — • Ana. 



4aPy9 16a*^y*« 

11. Fifth power of — ,^ „ ^ • -4w«. — ^^ - - • 

POWERS OF BINOMIALS. 

121. A Binomial, like a monomial, may be raised to any 
power by the process of continued multiplication. 

1. Find the fifth power of the binomial a + ft. * 

a + b . ., 1st power. 

a + h 

a^+ ab 
4- aft + y 

a2 + 2aft + ft» 2d power. 

a + ft 



a^ + 2a2ft + aft2 

+ g^ft + 2aft^ + ft^ 
a» + 3a2j + 3aft2 + ft' . . . . 8d power. 

q + ft 

a* + 3a3ft + 3a2ft2 + afts 

+ gsft + 3a^ft» + 3aft3 4. y 

a* + 4a3ft + 6a2ft2 + 4ab^ + ft* 4th power. 

g 4- ft 

a« + 4a*ft + 6a3ft2 + 4a2ft3 + aft* 
4- a^^"^. 4q35g 4. ea^ft3 + 4aft* + ft^ 

a» + 5a*ft + 10a3ft2 + lOa^fts + 6aft* + ft« ^rw. 

121. How may a binomial be raised to any power? 

122. How does the number of multiplications compare with the ex- 
ponent of the power? If the exponent is 4, what is the number of 
multiplications ? , How many when it is m ? How many things are con* 
tf dAred In the raising of powers ? Name them. 
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Note. — laa. It will be observed that the number of 
multiplications is always 1 less than the units in the expo- 
nent of the power. Thus, if the exponent is 1, no multipli- 
cation is necessary. If it is 2, we multiply once ; if it is 3, 
twice ; if 4, three times, &c. The powers of polynomials 
may be expressed by means of an exponent. Thus, to 
express that a + b is to be raised to the 6th power, we 
write 

(« + >)•; 

if to'tke'mth power, we write 

(a + J)«. 

2. Find the 6th power of the binomial a — J. 

a — ft • . . 1st power, 

a - ft 



a*— fljft 

— oft + ft* 

a* — 2aft + ft* 2d power. 

o -r ft 

as - 2a2ft + aft* 

— a^ft + 2aft* - ft* 

a* — 8a*ft + 3aft* — 8* .... 8d power. 

g -ft 

a* — Sa^ft + 3a2fta — aft* 

— a*ft + 3a*ft* - 3aft* + ft* 

a* — 4a3ft + ea^ft* — 4aft3 + ft* . 4th power. 
g -ft ^ 

a* - 4a*ft + 6a*ft* — 4a2ft* + aft* 

— a*ft + 4a3ft* — 6a2ft3 -f 4aft* - ft* 

oft -. 5g*ft + lOa^ft* - 10a*ft3 + Soft* - ft* -4n#. 
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In the same way the higher powers may be obtained. By 
examining the powers of these binomials, it is plain that four 
things must be considered : 

1st. The number of terms of the power. 
2d. The signs of the terms. 
3d. The exponents of the letters. 
4th. The coefficients of the terms. 

Let us see according to what laws these are formed* 



Of the Terms. 

123* By examining the several multiplications, we shall 
observe that the first power of a binomial contains two terms; 
the second power, three terms ; the third power, four terms ; 
the fourth power, five ; the fifth power, sij^, ifcc. ; and hence 
we may conclude : 

That the number of terms in any power of a binomial^ 
is greater by one than the exponent of the power. 

Of the Signs of the Terms. 

134I. It is evident that when both terms of the *given 
binomial are plus, all the terms of the power will be plies. 

If the second term of the binomial is negative, then all 
the odd terms^ counted from the left^ will be positive^ and 
all the even terms negative. 

123. How many terms does the first power of a blnom^l contain? Tho 
second? The third? The nth power? 

124. If both terms of a binomial are positive, what will be the signs 
of the 'terms of the power ? If the second term is negative, how are th« 
signs of the terms ? 
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Of the Mcponents. 

125. The letter which occupies the first place in a bmo« 
mial, is called the leading letter. Thus, a is the leading 
letter in the binomials a + J, and a — b, 

1st. It is evident that the exponent of the leading letter 
in the first term, will be the same as the exponent of the 
power; and that this exponent will diminish by one in each 
term to Xhe right, until we reach the last term, when it will 
be (Art. 49). 

2d. The exponent of the second letter is in the first 
term, and increases by one in each term to the right, to the 
last term, when the exponent is the same as that of the given 
power. 

3d. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result, obtained by 
means of the binomial formula. ' 

Let us now apply these principles in the two following 
exam^es, in which the coefficients are omitted : 

{a + bY . . . a« + a«J + a^b^ + d^b^ + a^b^ + aJ« + ft«, - 
(a - 5)6 . . . a^ - a«5 + a^b^ ~ a^b^ + a^b^ - ab^ + 5«. 

As the pupil should be practised in writing the terms with 
their proper signs, without the coefficients, we will add a 
few more examples. 

125. Which is the leading letter of a binomial ? What is the exponent 
of this letter in the first term ? How does it change in the terms towards 
the right ? What is the exponent of the second letter in the second term ? 
How does it change in the terms towards the right ? What is it in tht 
last term ? WTiat is the sum of the exDonents in any term equal to f 
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1. {a + hy . . a^+a'b+ab^ f • b\ 

2. (a -by . . a^-a^+a^b^^ ab^ + bK 

3. {a + by . . a^+a'b+aW+aW+ab^ + bK 

4. (a -by . . aP-a^b+a^b^-a'^b^-^ra^b'-a^b^+ah^^b^ 

Of the Coefficients. 

126. The coefficient of the first term is 1. The coeffi 
cient of the second term is the same as the exponent of the 
given power. The coefficient of the third term is fomid by 
multiplying the coefficient of the second term by the expo- 
nent of the leading letter in that term, and dividing the 
product by 2. And finally : 

If the coefficient of any term be multiplied by the expo- 
nent of the leading letter in that term, and the product 
divided by the number which marks the place of thp term 
from the left, the quotient will be the coefficient of tlie 
next term. 

Thus, to find the coefficients in the example, 

(a - by .. . , a'- a^b + a^b^- a''b^+ a^b^- a^b^ + a¥- 5% 

we first place the exponent 7 as a coefficient of the second 
term. Then, to find the coefficient of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient, 21, is the coefficient of the third term. To find the 
coefficient of the fourth, we multiply 21 by 6, and divide 
the product by 3 ; this gives 35. To find the coefficient of 
the fifth term, we multiply 35 by 4, and divide the product 
by 4 ; this gives 35. The coefficient of the sixth tei-m, found 

126. What is the coefiicient of the first term ? What is the coefficient 
of the second term ? How do you find the coefficient of the third term? 
Uow do you find the coefficient of any term ? What are the coefficients 
of the first and last terms ? How arc the coefficients of the exponents 
of any two terms equally distant from the two extremes? 
8 
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in the same way, is 21 ; that of the seventh, 7 ; and that of 
the eighth, 1. Collecting these coefficients, 

(a -by = 

a} - no^h + 21a*J2_35a*ft3 + Zba^h*' — IXa^h^ + 7aJ« — ft''. 

Note. — ^We see, in examining this last result, that tht 
coefficients of the extreme terms are each 1, anrf t?uzt the 
coefficients of terms equally distant from the extreme terms 
are eqiLol. It will, therefore, be sufficient to find the coeffi- 
cients of the first half of the terms, and from these th« 
others may be immediately written. 

BXAMPLBS 

1. Find the fourth power of a + ft. 

Ans. a* + 4a3ft + Ca^ft^ + 4aft3 + ft*. 

2. Find the fourth power of a — ft. 

Ans. a* - 4a3ft + Ca^ft^ - 4aft» + ft*. 

3. Fmd the fifth power of a + ft. 

Ans, a^ + 5a*ft + lOa^ft^ -f lOa^ft^ + bab^ + ft*. 

4. Find the fifth power of a — ft. 

Ans. a^ — 5a*ft + lOa^ft^ — lOa^fts + soft* - ft». 

6. Find the sixth power of a + ft. 

a« + 6a«ft + 15a*ft2 + 20aW + ISa^ft* + 6aft» + ft«. 

^. Find the sixth power of a — ft. 

a^ — ea^ft 4- I5a*ft2 — 20a^h^ + ISa^ft* - 6aft« -f ft^. 

1*27. When the terms of the binomial have coefficients, 
we may still write out any power of it by means of the 
Binomial Formula. 

y. Let it be required to find the cube of 2o + 3dL 
(a 4- ft)^ = a» + Sa^ft + Soft* + ft». 
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Here, 2c takes the place of a in the formula, and Bd the 
place of b. Hence, we have, 

{2c+Sdyz= (2c)3+3.(2c)2.3cf+3(2c)(3c?)2+(3c?)3 . (l.J 

and by performing the indicated operations, we have, 

(2c + 3^)3 = 8c3 + 36c2t? + 54cd^ + 2ld\ 

If we examine the second member of Equation ( 1 ), w€ 
see that each term is made up of three factors: 1st, the 
numerical factor ; 2d, some power^ of 2c ; and 3d, some 
power of Bd, The powers of 2c are arranged in descend- 
ing order towards the right, the last term involving the 
power of 2c or 1 ; the powers of Sd are arranged in ascend- 
mg order from the first term, where the power enters, to 
the last term. 

The operation of raising a binomial involving coefficients, 
is most readily effected by writing the three factors of each 
term in a vertical column, and then performing the multipli* 
cations as indicated below. 

Find, by this method, the cube of 2c + Sd. 

OPERATION. 



1 + 


3 + 


3 +1 Coefficients. 


8c3 + 


4c2 /+ 


2c + 1 Powers of 2c 


1 + 


3d + 


9^2 + 27e?3 Powers of 3dr 



(2c + dy = 8c3 + S6c^d + 54cd^ + 27t?3 

The preceding operation hardly requires explanation. In 
the first line, write the numerical coefficients corresponding 
to the particular power ; in the second line, write the de- 
scending powers of the leading term to the power ; in the 
third line, write the ascending powers of the follo^ving term 
from the power upwards. It will be easiest to commence 

I 
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the second line on the right hand. The multiplication shonlS 
be perfomied from above, do\^^l\vards. 

8. Find the 4th power of 3aV — 25^?. 

(a + by .= a* + 4a3ft + Ba^J^ + ^^ib^ + j*^ 

1+4 +6 +4 +1 

Blvfi<^+ 27aV + Oa^c^ -*- Sa^c + 1 
1 ^ 2bd + Ab^d^ - 8&3J3 + I6b^d . 

BlaV— 2lQa^c^bd+ 2lQa*c^bhP ^ QQa^cb^d^ + Ub^d\* 

9. What is the cube of 3a5 — 6y ? 

-4n5. 27aj3 — 162jc2y -|- 324iBy2 - 216y», 

10. What is the fourth power of a — 35? 

Ans. a* - 12a^b + Sid^b^ - 108ab^ + Slb\ 

11. What is the fifth power of c — 2c?? 

Ans. c« - lOc^d + 40c3c?2 _ sOc'cfa + QOcd^ _ 32^*. 

12. What is the cube of 5a - 3c?? 

Ans. 125a3 - 225a«c? + 135ac?2 - 21dK 

* This ingenioofl method of writing the development of a blnominl Is dae to 
t^oAMMr William O. ?xok, of Columbia College. 
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CHAPTER Vn. 

SQUABE ROOT. RADICALS 07 THB SECOND 
D EGK££. 

128* The Square Root of a number is one of its two 
equal factors. Thus, 6 x 6 = 36 ; therefore, 6 is the square 
root of 36. 

The symbol for the square root, is i/ , or the fractional 
exponent J ; thus, 

r * 

y a, or a , 

indicates the square root of a, or that one of the two equal 
factors of a is to be found. The operation of finding such 
fector is called. Extracting tJie Square Boot, 

129. Any number which can be resolved into two eqiuzl 
integral factors^ is called b, perfect square. 

The following Table, verified by actual multiplication, in- 
dicates all the perfect squares between 1 and 100. 

TABLE. 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, squares. 
1, 2, 3, 4, 6, 6, 7, 8, 9, 10, roots. 

128. What is the square root of a number ? Wha is the opecatioa of 
finding the equal factor called ? 

129. What is a perfect square ? How many perfect squares are thera 
between 1 and 100, including both numbers ? What are they? 
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We may employ this table for finding the sqaare root of 
any perfect square between 1 and 100. 

Look for the number in the first line ; if it is found 
therCy its square root wiU be found immediately under it. 

If the given number is less than 100, and not a perfect 
square, it wiUfaU between two numbers of the upper line^ and 
its square root will be found between the two numbers directly 
below ; the lesser of the two wiU be the entire part of the 
root J and will be the true root to within less than 1. 

Thus, if the given number is 65, it is found between the 
perfect squares 40 and 64, and its root is 7 and a decimal 
fraction. 

Note.— There are ten perfect squares between 1 and 100, 
if we include both numbers ; and eight, if we exclude both. 

If a number is greater than 100, its square rocrt will be 
greater than 10,, that is, it will contain tens and units. Let 
N denote such a number, x the tens of its square root, and 
y the units; then will, 

JSr z=z (aj + y)2 = aj2 + 2a5y + y2 = aj« + {2x + y)y. 

That is, the number is equal to the square of the tens in its 
roots, plus twice the product of the tens by the units, plus 
th^ square of the units. 

EXAMPLE. 

1. Extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain more 60 84 

than one. But since it is less than 10000, which 
is the square of 100, the root will contain but two figures; 
that is, units and tens. 
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Now, the square of the tens must be found in the two 
left-hand figures, which we will separate from the other two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, 
are called periods. The part 60 is comprised between the 
two squares 49 and 64, of which the roots are 7 and 8 ; hence, 
7 eatresses the number of tens sought ; and the required 
root is composed of 7 tens and a certain number of units. 

The figure 7 being found, we 
write it on the right of the given 60 84 

number, from which we separate 49 



78 



it by a vertical line : then we 7 X 2 = 14 8 1 118 4 
subtract its square, 49, from 60, 118 4 

which leaves a remainder of 11, o 

to which we bring down the two 

next figures, 84. The result of this operation, 1184, conr 
tains twice the product of the tens by the units^ plus the 
square of the units. 

But since tens multiplied by units cannot give a product 
of a less unit than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units; 
this double product is therefore found in the part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then 
divide 118 by 14, the quotient 8 will express tJie units^ or a 
number greater than the units. This quotient can never be 
too small, since the part 118 will be at least equal to twice 
the product of the tens by the units ; but it may be too 
large, for the 118, besides the double product of the tens by 
the units, may likewise contain tens ai-ising fix)m the square 
of the units. To ascertain if the quotient 8 expresses the 
right number of units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. This 
multiplication being effected, gives for a product, 1184, a 
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number equal to the result of the first operation. Hav- 
ing subtracted the product, we find the remainder equal 
to ; hence, 78 is the root required. In this operation, 
we form, 1st, the square of the tens* 2nd, the double 
product ol the tens by the units; and 3d, the square of 
the units. 

Indeed, in the operations, we have merely subtracted from 
the given number 6084 : 1st, the square of 1 tens, or of 70 ; 
2d, tmce the product of 70 by 8 ; and, 3d, the square of 8 ; 
that is, the three parts which enter into the composition of 
the square, 70 + 8, or 78 ; and since the result of the sub- 
traction is 0, it follows that 78 is the square root of 6084. 

ISO. The operations in the last example have been per- 
formed on but two periods, but it is plain that the same 
mpthods of reasoning are equally applicable to larger num- 
bers, for by changing the order of the units, we do not 
change the relation in which they stand to each other. 

Thus, in the number 60 84 95, the two periods 60 84, 
havo the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example are 
equally applicable to larger numbers. 

181. Hence, for the ex-traction of the square root of 
numbers, we have the following 

BULE. 

I. Point off the given number into periods of two figures 
each^ beginning at the right hand: 

n. Note the greatest perfect square in the first period on 
the left^ and place its root on the rights after tJie manner of 

181. Give the rule for the extraction of the square root of numbers? 
What is the first step ? What the second ? What the tliird ! What tbe 
fburth? What the filth ? 
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a quotient in division / then subtract the square of this 
root from the first period^ and hring down the second period 
for a remainder : 

in. Double the root already founds and place the result 
on th>e left for a divisor. Seek how many times the divisor 
is contained in the remainder^ exclusive of the right-hand 
figure^ and place the figure in the root and also at the rig/U 
of the divisor : 

IV. Multiply the divisor^ thus augmented^ by the last 
figure of the rooty and subtract the product from the re- 
mainder^ and bring down the next period for a new remain- 
der. But if any of the products should be greater than 
the remainder^ diminish tlie last figure of the root by one : 

V. Double the whole root already found, for a new di- 
visor, and continue the operation as btfore, until aU ths 
periods are brought down. 

132. INToTE. — 1. If, after all the periods are brought 
down, there is no remainder, the given number is a perfect 
square. 

2. The number of places of figures in the root will always 
be equal to the number of periods into which the given 
number is divided. 

3. If the given number has not an exact root, there will 
be a remainder after all the periods are brought down, in 
which case ciphers may be annexed, forming new periods, 
for each of which there will be one decimal place in the root. 

132. What takes place when the given number is a perfect square t 
flow many places of figures will there be in the root ? If the given num- 
ber is not a perfect square, what may be done afler nil the periods are 
brought dowu ? 
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EXAMPLBS. 

1. Wiiat is the square root of 86729 ? 



3 67 29 1 191.64+ 
1 



29 



267 
261 



881 


629 
381 


382 6 


24800 
22956 


8832 4 


184400 
153296 



Li this example there are 
two periods of decimals, 
and, hence, two places of 
decimals in the root. 



81104 Rem. 

2. To find the square root of 7225. Ans, 85. 

8. To find the square root of 17689. Am. 133. 

4. To find the square root of 994009. Ana. 997. 

6. To find the square root of 85673536. Ans. 9266. 

6. To find the square root of 67798766. Ans. 8234. 

7. To find the square root of 978121. Ans. 989. 

8. To find the square root of 956484. Ans. 978. 

9. What is the square root of 36372961 ? Ans: 6031. 

10. What is the square root of 22071204 ? Ans. 4698. 

1 1. What is the square root of 106929 ? Ans. 327. 

12. What of ,12088868379025? Ans. 3476906. 

13. What of 2268741 ? Ans. 1506.23 +. 

14. What of 7596796? Ans. 2756.22 +. 

15. What is the square root of 96 ? Ans. 9.79795 -|-. 

16. What is the square root of 153 ? Ans. 12.36931 +. 

17. Whatt; is the square root of 101 ? Ans. 10.04987 +. 
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18. What of 285970396644 ? Ans. 634762. 

19. What of 41605800626 ? Ans. 203975. 

20. What of 48303584206084? Ans. 6950078. 

BKTEACTION OP THB SQITAEBJ BOOT OP PBACHONS. 

133. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator separ 
rately, it follows that 

' The sqv>are root of a fraction mU be equal to the sqimre 
root of the numerator divided by tJie square root of the 
denominator. 

For example, the square root of t^ is equal to t : for, 

I ^ b^¥\ 

1. What is the square root of j^ Ans. - • 

2. What is the square root of ~ ? Ans. - • 
8. What is the square root of — ? Ans. - • 

4. What is the square root of --- ? Ans -- • 

^ 361 19 

•to 1 

5. What is the square root of — - ? Ans. - • 

^64 2 

™^ . , /. 4096 « ^ 64 

6. What IS the square root of ^,^^^ r Ans. --z • 

^ 61009 247 

», %]m. .• XI, X ^ 682169 o a ^^3 

7. What 18 the square root of ^^^,^, r Ans. —-• • 

^ 956484 978 

^8. Tb what is the square root of a fractiou equal! 
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184. If the numerator and denominator are not perfect 
squares, the root of the fraction cannot be exactly found. 
We can, however, easily find the approximate root. 

BULE. 

Multiply both terfhs of tJie fraction by the denominator : 
Then extract the square root of the numerator^ and divide 
this root by the root of the denominator; the quotient wiU 
be ths approximate root, 

* 3 

1. Find the square root of - • 

Multiplying the numerator and denominator by 6 

hence, (3.8729 +) -j- 6 = .7745 + = Ans. 

2, What is the square root of - ? Ans. 1.32287 +. 

14 
8, What is the square root of — ? Ans. 1.24721 +. 

4. What is the square root of Utt? Ans. 3.41869 -f-. 

13 

6. What is the square root of 7r^ ? A?is. 2.71313 +. 

36 

15 

6. What is the square root of 8— ? Ans. 2.88203 +. 

7. What is the square root of -— ? Ans. 0.64549 +. 

3 

8. What is the square root of lO—-? Ans. 3.20936 +. 

184. What is the rule when the numerator and denominator are not 
perfect squares ? 
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135. Finally, instead of the last method, we m^y, if we 
please, 

Change the common fraction into a decimal,, andcontimie 
the division until t/ie number of decimcU places is double 
the number of places required in f/ie root. Then extract 
the root of the decimal by the last nUe. 

EXAMPLES. 

1. Extract the square of — to within .001. This num- 
ber, reduced to decimals, is 0.785714 to within 0.000001 ; but 
the root of 0.785714 to the nearest unit, is .886; hence, 

0.886 is the root of -- to within .001. 
14 

2. Find the v/^tt to within 0.0001. Ans. 1.6931 +. 

V 15 

8. What is the square root of r^ ? Ans. 0.24253 +. 

7 

4. What is the square root of - ? Ans. 0.93541 +. 

8 

5. What is the square root of -? Ans. 1.29099 +. 

o 



ESTBACnON OF THE 8QUABB BOOT OF MONOMIALS. 

136. In order to discover the process for extracting the 
square toot of a monomial, we must see how its square is 
formed. 

By the rule for the multiplication of monomials (Art. 42), 
we have, 

(5a253c)« = ba^b'^c X Ba^^c = 25a*b^c^; • 

185. What is a second method of finding the approximai^ root? 

186. Give the rnle for extracting the square root of monomials? 
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that is, in order to square a monomial, it is necessary t« 
square its coefficient and double the exponent of each of the 
letters. Hence, to find the square root of a monomial, we 
have the following 

^ BULK. 

I. ExAract the square root of the coefficient for a new 
coefficient : 

n. Divide the exponent of each letter by 2, and then 
annex aU the letters with their new exponents. 

Since like signs in two factors give a plus sign in the pro- 
duct, the square of — a, as well as that of + «» will be 
+ a^; hence, the square root of a^ is either + a, or 
— a. Also, the square root of 25d^b\ is either -f 5aft^, 
or — 5ab^, Whence we conclude, that if a monomial is 
positive, its square root may be affected either with the sign 
+ or — ; thus, -/go* = ± Sa^ ; for, + 3a* or — 8a% 
squared, gives -'- 9a*. The double sign ±, with which the 
root is aftectet', is read plus and minus. 

EXAMPLES. 

1. What is the square root of 64a^ft* ? 

-/64a66* = -f8a3J2; for -fSa^ft^x +Ba^b^=z +64a«ft* 
and, v^ia^ = -Sa^^*. fo^ -Sa^ft^x -Qa^i^^z +64a«J* 
Hence, V^ioSJ* = ± Sa^b\ 

2. Find the square root of 625a2JV. ± 25aJ*c». 
8. Find the square root of 676a*5V. ± 24a25V. 
4. Fiud the squai-e root of 196aj^yV. ± lix?yz\ 
6. Find the square root of 441aWcio<?J^ ± 21a*5Vc?8. 

6. Find the square root of lB4cd^^b^^c^^d\ ± 2Bc^V<^d. 

7. Fmd the- square root of 81a®d*c«. ± 9a*6V. 
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Notes. — 137. 1. From the, preceding rul'e it follows, 
that when a monomial is a perfect square, its numericcu 
coefficient is a perfect square^ and aU its exponents even 
numbers. Thus, 25a*J2 ig g, perfect square. 

2. If the proposed monomial were negative^ it would be 
impossible to extract its square root, since it has just been 
shown (Art. 136) that the square of every quantity, whether 
positive or negative, is essentially positive. Therefor^, 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary quantities^ or 
rather, imaginary ea^essions^ and are frequently met with 
in the resolution of equations of the second degree. 

IMFEBFECr SQUAEES. 

138. When the coefficient is not a perfect square^ or 
when the exponent of any letter is uneven^ the monomial is 
an imperfect square : thus, 98a5* is an imperfect sqicare. 
Its root is then indicated by means of the *adical sign ; thuS; 



^98ab\ 

Such quantities are called, radical quantities^ or radicals of 
the second degree : hence, 

A BABiCAL QUAiniTY, is the indicated root of an imperfect 
power. 

137. When is a monomial a perfect square? What monomials are 
these whose square roots cannot be extracted ? What are such expres- 
lions called ? 

138. When is a monomial an imperfect square ? What are peh quails 
titiofl called ? What is a radical quantity f . 
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TRANSFORMATION OF RADICALS. 

139. Let a and b denote any two numbers, and f 
the product of their square roots: then, 

l/a X v^ = jp (1.) 

Squaring both members, we have, 

a X J = 2>* .... (2.) 

Then, extracting the square root of both members of (2 ), 

V^ =P (3.) 

And since the second members are the same in Equations 
( 1 ) and ( 3 ), the first members are equal : that is, 

!I%e square root of the prodiict of two quantities is equal 
to the product of their square roots. 

140. Let a and h denote any two numbers, and q 
the quotient of their square roots; then, 

3^ = y (1.) 

Squaring both members, we haye, 

then extracting the square root of both members of (2), 

fa 



v/f = 



= i (3) 

and since the second members are the same in Equations ( I ) 
and ( 3 ), the first members are equal ; that is, 

139. To what is the square root of the product of two quantities equal? 

140. To what is the square root of the quotient of two quaotitioa 
•qualf 
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The square root of the quotient of two quantities is equal 
to the quotient of their square roots. 

These principles enable us to transform radical eipres- 
Bions, or to reduce them to simpler forms ; thus, the expres- 
sion, 



hence, '/98aft* = 'y/49b* x 2a; • 

and by the principle of (Art. 139), 

'/49ft* X 2a = -v/49ft* X V5a = Wy/2a. 
In like manner, 

ViSo^ftW = -y/da^b^c^ X 5bd = SaftcV^ftrf. 

-/864a2ft5c" =r -/I44a2ft*ci<> x 6ftc = 12aftV-v/6fte. 

The COEFFICIENT of a radical is the quantity without the 
sign ; thus, in the expressions, 

'^ft2-v/2a, Sabc^/5bdy I2ab^<^y/Qbc, 

the quantities 7ft^ 3aftc, 12aft^c*, are coefficients of the 
radicals, 

141. Hence, to simplify a radical of the second degree, 
we have the following 

RULE. 

I. Divide the ea^ession under the radical sign into two 
factors J one of which shall be a perfect square : 

n. Extract the square root of the perfect square^ and 
then multiply this root by the indicated square root of the 
remaining factor. 

141. Give the iiilc for Bimplifying radicals of the second degree. How 
do you determine whether a given number has a factor which is a perfect 
square? 
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Note. — ^To determine if a given number has any &ctor 
which is a perfect square, we examine and see if it is divi* 
«dble by either of the perfect squares, 

4, 9, 16, 25, 36, 49, 64, 81, Ac.; 

if it is not, we conclude that it does not contain a factor 
which is a perfect square. 

EXAMPLES. 

Reduce the following radicals to their simplest form : 



1. V^o^. 

2. '/I286*a«df2. 
8. -/32a^. 



4. •v/256a26*c8. 



6. -v/l024aWc«. 
6. ^129a?b^d^d. 

8. ^lU5a^(fid\ 

9. -/loOSoS^W. 

10. yTtSCa^oftV. 

11. y/^i05aWd^. 



Ans. ba^Sabc 
Ans. WaM^/Tib. 

Ans, 4a*^*-\/2a^- 

Ans, 16a5V. 

Ans. Z2a'^l^<^^/abc. 

Ans. 2ld^b'^(^^/abd. 



Ans. \hd?bH^/^abd, 

Ans, l^Jac^d^^^^. 

Ans. 12a*df3m*'/7arf. 

Ans. 14a»J*c3-v/lir 

Ans. 9aWd^^/6a. 



143. Notes. — 1. A coefficient^ or a factor of a coeffi^ 
cient^ may be carried under the radical sign, by squaring iU 
Thus, 

1. Za^^/bc = ^(Za^Y x be = -/9a*^. 

2. 2ab^/d = 2y/aWd = ^icfi^. 



142. How may a coefficient or factor be carried under the radical sign 
To vhat is the square root of a negat!^e quantity equal ? 
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3. 4((»+5)Va^=4V(a+5)Xa-J)=4V(a2-52)(a+*) 

2. The square root of a negatiye quantity may also bo 
nmplified; thus, 

-/^^ = '/9 X - 1 =± -/g X -/^^ — 8-/^^? 



and, V— 4a3 = -y/io^ x -/— 1 = 2aV'— 1 ; also, 

-/— 8a2j = -/4a2x —25 = 2av'-.25 = 2ay/^ X V^; 

that is, the square root of a negative quantity is equal to 
the sqicare root of the same quantity with a positive sign^ 
multiplied into the square root of -- \. 



Reduce the following: 



1. ^f^^^aW. 



2. -i/— 128a*5*. 
8. V— na^Wc^. 
4. -/— 48a35c«. 



Ans. SoJ-v/ —I- 



ADDITION OF EADICALS. 

143. SiMiLAB Radicals, of the second degree, are those 
in which the quantities under the sign are the same. Thus, 
the radicals 3y^, and S^y^ are similar, and so also are 
9-v^, and 7^2. 

144. Radicals are added like other algebraic quantities; 
hence, the following 

143. What are similar radicals of the second degree ? 

144. Give the rule for the addition of radicals of the second degree t 
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BULB. 

1. If the radicals are similar^ add their coefficients^ and 
to the sum annex the common radical : 

n. J^ the radicals are not simUqr^ connect them together 
mith t/ieir proper signs. 

Thus, 3a v^ + 5cy/b = (3a + 5c) V*. 
In like manner, 

YV^ + 3V^ = C^ + 3)V5a = 10^/2a. 

Notes. — 1. Two radicals, which do not appear to be sim- 
ilar at first sight, may become bo by transformation (Art. 
141.) 

For example, 

V48a"^ + i-v/75a = ^b^Sa + Sb^Za = 9b^/3a; 
2-v/45 + 3v^ = e-v/e + 3^6 = 9^5. 

2. When the radicals are not similar, the addition or sub- 
traction can only be indicated. Thus, in order to add 3 V% 
to 6\/a, we write, 

5^^ + sy?. 

Add together the following: 



1. -v/27a2 and -/48a2. 


-47W. 7av^. 


2. V^a*^>2 and ^12a*b\ 


^7w. lla^^V^. 


^Vs ^^\/l5- 


Jns. 4ay/l. 


4. -1/125 and y^OOa". 


^ -47W. (5 + 10a)v/5l 


'• V4^ ^^ \/294 


^-^vi 
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6. -/DSa^jB and V'56a^^^^'^6al 

Ana. ^a\/2x + 6 \^x^ — a*. 
^. V98a2a5 and -/288a*aj«. -4n5. {la + 12d^x^)^^^. 
8. V^ and 'v/i28. Ans. 14VT. 

0. -v/27 and yTi?. ^/w. lO-v/sI 



11. 2^02^ and 8-/64^. -4n5. (2a + 24aj2)y^. 

12. V243 and lO-v/sOS. -4n5. llOy^. 

13. ^S20a^b^ and ^2450^. -4n5. (8a5 + '^a*^^) ^/sl 

14. V756W and V^OOa^^^ ^n^. (Sa^J^ + lOasJ^)^^ 



SUBTRACTION OF RADICALS. 

145* Radicals are subtracted like other algebraic quan- 
tities; hence, t}ie following 

BULE. 

I. J^ the radicals are similar^ subtract tHlcoefficient of 
the subtrahend from that of the minuend^ and to t/ie differ^ 
ence annex the common radical: 

n. If the radicals are not similar^ indicate the operation 
by the niinus sign. 

EXAMPLES. 

1. What is the difference between Sa-y/ft and a-^/ft? 
Here, 3aV? — a-v/ft = ^a-y/b. Ans. 

146. Oire the role for th« subtraotion of radicals. 
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2. Prom Oay^W subtract ^a^/2nh\ 
First, 9a-v/2W = 2YaJVS, and 6aV5W = ISofty^; 
and, 27aJ-v/8 — ISaftyS = ^ab^/%. Ana. , 

Find the differences between the following: 



8. v^ and -v/Js. 

4. ^/Uc^ and ^54^. 

6. Vl28a^ and V32a5. 

7. VISo^ and VOoft. 

8. -/242a*6» and ^2a^l^. 

10. \/320a2 and i/80a«. 



4 . 

45 
-4n«. (8a& — 4a*)v^al 
Ana. ^ah^\/Zab — 3-v/a5^ 



Ana, 4a y^. 

11. V?20a^ and ^^2450^^5*. 

Ana. (12a6*— YcJ)'/6a*. 

12. VoeSo^^ and -/200a*6^ ui/w. 12aSv^ 

13. V^2aW and y'28a«6«. -4n«. 2a<&'5v^ 



MXJLTIPLIOATION OF EADIOALS. 

146. Radicals are multiplied like other algebraic quan* 
titles; hence, we have the following 

BULB. 

. L Mtiltiplt/ the coefficienta together for a new coefficient: 



146. Give the rule for the multipKcatioii of radioAls. 
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H Multiply togetTwr the quantities under the radical 
tiffns: 
UL Then reduce the result to its simj^^st form. 

1. Multiply 3a-v/^ by 2^/ab. 

Za^/hc X 2-v/S = 3a X 2 X ^/bc x \/ah. 
which, by Art. 139, = Qa^b^ac = eaJVoc* 

Multiply the following : 

2. 3-v/5a5 and 4'v/20a. . Ans. 120a V?! 
8. 2av^ and 3av^ Ans. Qa^bc. 
4. 2aVaM^ and ~3aVa2+^. A. -Qa^a^+h^.) 
6. 2a5'^a + b and a>c^a — b. Ans. 2a^bc^a^ — l^. 
6. Sy^ and 2-v/8. Ans. 24. 
1- f V|a^ and AV?^- Ans. i^abc^/lb. 

8. 2aj 4- y^ and 2a5 — ^/b. Ans. 4^2 — J. 

9. v«+ 2V^ and y/a — 2-v/ft. -4w«. i/a^ - 4J. 
10. SaV^To^ by y^- -^^«- 9a3'v/6r 



DIVISIOK OP RADICALS. 



147. Radical quantities aje divided like other algebraio 
quantities ; hence, we have the following 



BULB. 



I. Divide the coefficient of the dividend by the coefficient 
of the divisor J for a new coefficient : 

147. Giye the rule for the diyision of radicaLi. 
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n. Divide the quantities under the radicals^ in the same 
manner : 
UL Then reduce the reauU to its simplest fortn^ 

EXAMPLES. 

1. Divide %ay/Wc by ^a^/h^. 

—-' = 2, new coefficient. 

hence, the quotient is 2 X - = — • 

2. Divide 6a V^ by 2b'^. Ans. "^x/-' 

8. Divide 12ac-v/6ftc by 4c\^. Ans. 3a-v/3c. 

4. Divide 6a-v/96ft* by 3^/s^. Ans. 4aby^. 

6. Divide ^a^^^/Eob^ by 2a»v^. Ans. 2b^'y/l0. 

C.Divide 2ea^^/QlaW by 13av/9a^. A. Qa^b^^. 

1. Divide 84a^^^21ac by 42a5V^. ■^- Qa^b^Vc. 

8. Divide V|a^ by V^. Ans. Jo, 

9. Divide ea^yy^Oa^ by 12 y^. ^W5. a^i*. 

10. Divide 6aVT6^ by By^. ^/w. 2a^^. 

11. Divide 48J*Vl6 by 2J2-/^ Ans. 360ja. 

12. Divide Sa^JV-v/V^ by 2a-v/2M ^n«. 2afiVd: 
18. Divide 9&a^(^y/9Sl^ by 48a5c-v/2?. ^' 14a?W. 
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14. Divide 27aWv^l^ by -/7a- ^^«- 27aWV3. 
16. Divirie ISa^b^^Sa*' by Gab-y/a^ Ans. ea^^V^. 

SQUA3JE KOOT OF POLYNO^nALS. 

148* Before explaining the rule for the extraction of the 
square root of a polynomial, let us first examine the squares 
of several polynomials : we have, 

(a .+ by = a2 + 2ab + b\ 

(a + 5 + c)2 = a^+ 2db + 5^ 4. 2(a + b)c + c^ 

{a + b + c + dY - a^'\- 2ab + b'^+ 2(a + b)c + (? 

4- 2(a + 5 -1- c) J + d^. 

The ^to by which these squares are formed can be enun 
dated thus : 

The square of any polynomial is equal to the square of 
the first term^ plus twice the product of the first term by the 
second^ plus the square of the second ; plus twice the first 
two terms multiplied by the thirds plus the square of the 
third ; plus twice the first three terms multiplied by the 
fourth^ plus the square of the fourth ; and so on. 

149. Hence, to extract the square root of a polynomial, 
we have the following 

BIJLE. 

L Arrange the polynomial with reference to one of its 
letters^ and extract the square root of the first term : this 
wilt give the first term of the root : 

148. What is the square of a binomial equal to ? What is the square 
of a trinomial equal to ? To what is the square of any polynomial equal ? 

149. Give the rule for extracting the square root of a polynomial? 
What is the first step ? What the second ? What the third ? What the 
fourth? 
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n Divid ^^,0M^^''^^polynofr.idlhydovble 

manner: ^^ ^^jf^ quotient wiU he ths second 

in T if^^'p^^ 

/^'^/*'^J>^^4 arid stsbtract it from the first 

^ ^'y'^^^*^^ ^A«^r5« term of the remainder 

I fif^^^^term of the root, and the quotient. mU be 

S^^^th^ double product of the sum of the first and 

ff, -^^ the third, and add the sgi$are of the third; 

t^!^t this result from the last remainder, and divide 

^(tei^ of^h^ result so obtained, by double the first 

^^ fthe root, and the quotient wiU be the fourth term, - 

^ proceed in a similar manner to find the other terms. 

EXAMPLES. 

2, £xtract the sqiuu*e root of the polynomial, 

49a^ft2 _ 24a^3 + 25a* - SOa^b + 16**. 
First arrange it with reference to the letter a. 
aSa^ - ZOa^b+ 49a^b^ - 24:ab^+ 165* I 5a^ - dab + 4ft» 

25a* - SOa^b + Qa^b^ ' | lOa^ 

40a^^ — 24ab^ + 165* . . 1st Hem. 
40a^b^ ~ 24ay + 165* 

2d Bern. 

After having arranged the polynomial with reference to 
a, extract the square root of 26a* ; this gives 5a^ which 
is placed at the right of the polynomial : then divide the 
second term, — SOa^J, by the double of ba\ or KTa^; 
the quotient is — 3a5, which is placed at the right of ba\ 
Hence, the first two terms of the root are ba^ — 3a5. 
Squaring this binomial, it becomes 25a* — ZOa^b + 9a^5*, 
which,* subtracted from the proposed polynomial, gives a 
remainder, of which the first term is 40a25'*. Dividing this 
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first term by 10a% (the double of Sa^), the quotient is 
4- 452 ; this is the third term of the root, and is wiitten on 
the right of the first two terms. By forming the double 
product of Sa^ — Sab by 4b^, squaring 4b\ and taking 
the sum, we find the polynomial iOa^b^ — 24ab^ + 165*, 
which, subtracted fi:om the first remainder, gives 0. There- 
fore, 5a^ — Bab + 4&* is the required root, 

2. Fmd the square root of a*+ 4:a^+ea^+4aa^+ 7^ 

Arts. a^+2ax + x^. 

8. Find the square root of a*— 4a^aj+6a2a;^— 4:00?+ oe^. 

Ans. a^ — 2ax + 05*. 

4. Find the square root of 

4aj« + 12a» + 5x^ - 2a? + W - 2x + 1. 

Ans. 2q? + 3a;2 — aj + 1. 

5. Find the square root of 

9a* - 12a^b + 2Sa^b^ - 16al>^ + 16ft*. 

Ans. 3a2 — 2ab + 4ft». 

6. What is the square root of 

a* — 40053 + 4a^ — 4a;2 + 8aaj + 4? 

Ans. a? — 2ax — 2. 
1. What is the square root of 

97? — 12aj + 6a^ + y^ - 4y + 4? 

Ans. 3a; + y — 2. 

8. What is the square root of y* — 2y^x^ 4- 2x^ — 2y* 
+ 1+0?? Ans. y^ — a?--!. 

' 9. What is the square root of 9a*ft* — BOa^P+ 2ha^l'^ ? 

Ans. 3a2ft2 -- Sab. 
10. Find the square root of 
25a*ft» — 40a36«c + 16a^b^<? - 4Bab^(? f 36ft2<34 — SOa^be 
+ 24a^b<? - 36a25c3 + 9a*c2. 

^n<. 6rt»ft - Sa^c - 4aftc +*«3A 
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150. Wo will conclude this subject with the following 
remarks : 

1st. A binomial can never be a perfect square, since we 
know that the square of the most simple polynomial, viz., 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
expression a^ + h\ is not a perfect square ; it wants the 
term ± 2a&, in order that it should be the square of a ± & 

2d. In order that a trinomial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle term must be the double product of the square 
roots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square : Extract tht 
roots of the two extreme terms, and give these roots the sams 
or contrary signs, according as the middle term is positive 
or 7iegaiive. To verify it, see if the double product of tJie 
two roots is the same as the middle term of the trinomiaL 
Thus, 

9a® — 48a*^2 ^ 64a2J*, is a perfect square, 



since, '/Oo* = Za\ and -/64a2^* = — Bab^ ; 

and also, 

2 X Sa^ X — 8aft* = — 4tSa^b^ = the middle term. 

But, 4a^ + 14a5 + 95^ is not a perfect square : for, 
although 4a^ and + 9b^ are the squares of 2a and Sd, 
yet 2 X 2a X Sb is not equal to 14ab. 

3d. In the series of operations required by the general 
rule, when the first term of one of the remainders is not 
exactly divisible by twice the first term of the root, we may 

150. Can a binomial ever be a perfect power? Whj not? When is 
a trinomial a perfect square ? When, in extracting the square root, we 
find that the first term of the remainder is not divisible by twioe the root| 
b the "polynomial a perfect power or not? 
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conclude that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning by which we have arrived at the general rule for 
extracting the square root. 

4th. When the polynomial is not a perfect square^ it may 
sometimes be simplified (See Art. 139). 



Take, for example, the expression, ^d^h + ia^J^ + Aab^, 

The quantity under the radical is not a perfect square ; 
but it can be put under the form ah{a^ + Aab + 46^.) 
Now, the factor within the parenthesis is evidently the 
square of a + 26, w^hence, we may concludiB that, 

^a^b + 4a2^>2 4. 4:a¥ = (a + 2b) Vo?. 



2. Reduce '^2a'^b — 4a62 _p ^b^ to its simplest form. 

Ana. (a — b) ySft. 
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CHAPTER Vm. 

«i^T7ATI0NS OF. THE SECOND DEGBEX. 
EQUATIONS CONTAINING ONE UNKNOWN QUANTnT. 

151. An Equation of th« second degree containing Ink 
one unknown quantity, is one in which the greatest exponentt 
is equal to 2. Thus, 

a^ = a, aa? + fo = C| 

ftre equations of the second degree. 

159. Let us see to what form every equation of the 
second degree may be reduced. 
Take any equation of the second degree, as, 

(1 +«)»-?»- 10 = 5 - I + |. 

Clearing effractions, and performing indicated operationSi 
we have, 

4 + 8aj + 4052 — 8a5 — 40 = 20 — aj + 2a5*. 

Transposing the unknown terms to the first member, the 
known terms to the second, and arranging with reference to 
the powers of a;, we have, 

4a? — 2a;2 + 8a; - 3a; + a? = 20 + 40 - 4 ; 

ISl. What is an equation of the second degree ? Give an example. 
ISS. To what fonn may eyery equation of the second degree be reduoidt 
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and, by reducing, 

2x^+ 6aj = 66; 

dividing by the coefficient of 05% we have, 

aj2 + 3aj = 28# 

If we denote the coefficient of x by 2ja, and the second 
member by q^ we have, 

sc' + 2px = q* 

This is called the reduaed equation. 

153. When the reduced equation is of this form, it con- 
tains three terms, and is called a complete equation. The 
terms are, 

Fntsr Term. — ^Ilie second power of the unknown quan- 
tity, with a plus sign. 

Second Term. — ^llie first power of the unknown quantity, 
with a coefficient- 

Third Teric — ^A known term, in the second member. 

Every equation of the second degree may be reduced to 
this form, by the following « 

BIJLE. 

I. Clear the equation of'fractione^ and perform all the • 
indicated operations: 

TL Transpose aU the unhn/ovm terms to the first m&mbefr^ 
and aU the known terms to the second member: 

153. How many terms are there ia a complete equation ? What is the 
first term ? What is the second term ? What is the third term? How 
many operations are there in reducing an equation of the second degree 
to the required form? What te the first f What the second ? What the 
tlOrd ? What the fourth ? 
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HL Meduce aU the terms containing the square of the 
unknown quantity to a single term, one factor of which is 
the square of the unknown quantity / reduce, also, all the 
terms containing the first power of the unknown qvxintity, 
to a single term : » 

rV. Divide hotl\ members of the resulting equatio7i by 
the coefficient of th^ square of the unknown quantity. 

154. A Root of an equation is such a value of the un- 
known quantity as, being substituted for it, will satisfy the 
equation ; that is, make the two members equal. 

The Solution of an equation is the operation of finding 
its roots. ^ 

INCOMPLETE EQUATIONS. 

155. It may happen, that 2/?, the coeflScient of the first 
power of jc, in the equation x + 2px = q, is equal to 0. 
In this case, the first power of x will disappear, and the 
equation will take the form, 

«'= ? (1.) 

This is called an incomplete equation ; hence, 

An incomplete equation, when reduced, contains but 
two terms ; the square of the unknown quantity, and a 
known term, 

156. Extracting the square root of both members of 
Equation ( 1 ), we have, 

X = ±^/q. 

164. What is the root of an equation? What is the solution of an 
equation ? 

165. What form will the reduced equation take when the coefficient ol 
ff 18 ? What is the equation then called ? How many terms are there 
In an incomplete equation ? What are they ? 

166. What is the rule for the solution of an incomplete equation? 
How many roots are there in every incomplete equation f How do the 
roots compare with each other ? 
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Hence, for the solution of incomplete equations: 

BTJLE. 

L Hedicce the equation to the form a^ =z g: 
n. Then extract the square root of both members. 

Note. — ^There will be two roots, numerically equal, but 
having contrary signs. Denoting the first by »', and the 
second by xf\ we have, 

05' = +^/qy and a?" = — V^. 

^ VEBnnCATION. 

Substituting +V^> or — -v/i, for a;, in Equation ( 1 ), 
we have, 

{+^Y=q; and, (-y^)' = j; 

hence, both satisfy the equation ; they are, therefore, rootfli 
(Art. 154.) 

EXAMPLES. 

1. What are the values of a; in the equation. 

By transposing, Sa^ — 5a;2 = — lo — 8. 

Reducing, — 2cb2 = — 18. 

Dividing by — 2, a;* = 9. 

Extracting square root, a; = dh -y/S = + 3 and — 8. 

Hence, a* = + 3, and a^' = — 8. 

2. What are the roots of the equation, 

3aj2+ 6 = 4a;2-. 10? 

Ans. xT = +4, «" = - 4 
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I 

8. What are the roots of the equation, 

3 9 

Ans. a/ = + 9, as" = - 9, 

i. What are the roots of the equation, 
4fl? + 18 - 2a? = 46 ? 

Ans. a/=i +4, «" = — 4* 

6. What are the roots of the equation, 
6aj» - 7 = 3aj2 + 6 ? 

JLn«. a/ = +2, a/' = — «• 

6. What are the roots of the equation, 

8 + 5aj» = -+ 4aj»+ 28? 
5 

^rw. a/ = + 6, aj" = — 5. 

r 

Y. What are the roots of the equation, 

^+6 _.^+^ ^ jj^ _ ^, 
8 3 

^n«. aj' = + 5, «" = - 5. 

8. What are the roots of the equation, 
• a? + oJ = 6a5» ? 

Ana. a/ = + JV«*, a" = - jy^- 

9. What are the roots of the equation, 

x^a + a? = J + a?? 

Ans. aj' = —7==, as" = . 

ya~ 2» v^a-Sft 



PR0BLBH8. 



PBOBLEMB. 



1. What number is that whioh being multiplied by itself 
the product will be 144 ? 

Let X = the number: then, 

X X X = tt^ =z 144. 

It is plain that the value of x will be found by extracting 
the square root of both members of the equation: that is, 

V^ = VlH : that is, a; = 12. 

2. A person being asked how much money he had, said, 
if the number of dollars be squared and 6 be added, the sum 
will be 42 : how much had he ? 

Let as =: the number of dollars. 

Then, by the conditions, 

052+ 6 = 42; ^ 

hence, a^ = 42 — 6 =,36, 

and, as = 6. Ana. $6. 

3. A grocer being asked how much sugar he had sold to 
a person, answered, if the square of the number of pounds 
be multiplied by 7, the product will be 1575. How many 
pounds had he sold ? 

Denote the number of pounds by x. Then, by the con- 
ditions of the question, 

7aj« = 1675 ; 
hence, aj* = 226, 

and, a; =: 15. Ans. 15. 

4. A person being asked his age, said, if from the 0qiuire 
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of my age in years, you take 192 years, the remainder will 
be the square of half my age : what was his age ? 

Denote the number of years in his age by as. 

Then, by the conditions of the question, 



*» - 192 = (^y = J, 



and by clearing the fractions, 

4352 — 768 = sb2 ; 

hence, 4x^ — 0?= Y68, 

and, Sas^ = 768, 

aj2 = 256, 

X = 16. Arts. 16 years. 

5. What number is that whose eighth part multiplied by 
its fifth part and the product divided' by 4, wall give a quo- 
tient equal to 40 ? 

Let a; = the number. 

By the conditions of the question. 



(§^ ^ 5^) 



4 nr 40; 



a^ 
hence, — = 40; 

^ 160 ' 

by clearing of fractions, 

ar» = 6400, 

X = 80. Ans. 80. 

6. Fmd a number such that one-third of it multiplied by 
one fourth shall be equal to 108. Ans, 36. 

7. What number is that whose sixth part multiplied by 
its fifth part and the product divided by ten, will give a 
quotient equal to 3 ? Ans. 80. 
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8. What nranber is that whose square, plus 18, "wiH be 
equal to half the square, plus 30^ ? Ans, B. 

9. What numbers are those which are to each other as 
1 to 2, and the difTerence of whose squares is equal to 15 ? 

Let X = the less number. 
Then, 2x = the greater. 

Then, by the conditions of the question, 

4352 - aj2 = 15; 

hence, Sa^ = 75, 

and by dividing by 3, 05*= 26, and « = 5, 

and, 205 = 10. 

Ans. 5 and 10 

10. What two numbers are those which are to each other 
as 5 to 6, and the difference of whose squares is 44 f 

Let X = the greater number. 

Then, ~x = the less. 

By the conditions of the problem, 
25 

by dearing effractions, 

36352 _ 25052 = 1584 ; 
hence, 11052 — 1534^ 

and, ^ = 144 ; 

hence, x = 12, 

and, -X = . 10. 

o 

Am. 10 and IS. 
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11. What two nombers are those which are to each other 
as 8 to 4, and the difference of whose squares is 28 ? 

Ans. 6 and 8. 

12. What two numbers are those which are to each other 
as 5 to 11, and the sum of whose squares is 584 ? 

Ans. 10 and 22% 

13.-4 says to B^ my son's age is one quarter of yours, 
and the difference between the squares of the numbers 
representing their ages is 240 : what were their ages ? 

^ ( Eldest, 16, 
( Younger, 4« 

Tvoo unknovon quantities, 
yi7. When there are two or more unknown quantities : 

"L Eliminate one of the unknovm quantities by Art. 
113; 

n. Then extract the square root of both members of the 
equation. 

PROBLEMS. 

1. There is a room of such dimensions, that the difference 
of the sides multiplied by the less, is equal to 36, and the 
product of the sides is equal to 860 : what are the sides ? 

Let X = the length of the less side ; 

y = the length of the greater. 
Then, by the first condition, 

(y — x)x =s 36 ; 
and by the 2d, xy = 360. 

16Y. How do yon proceed when there are two or more unknown (yun* 
ttOei? 
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From tbe first equation, we have, 

ajy — as* = 86 ; 

and by subtraction, 9? = 324. 

Hence, x = -|/32i = 18; 

360 

V = = 20. 

^ 18 

Ana. a; = 18, y = 20. 

2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just so many 
dollars per yard as the piece contained yards. Now, he gets 
fi)ur times as much for one piece as for the other : how many 
yards in each piece ? 

Let X = the number of yards in the larger piece ; 

y zsz the number of yards in the shorter piece.. 

Then, by the conditions of the question, 

x + y = 12. 

X X X =: Q^ z= what he got for the larger piece; 

y X y = y^ =: what he got for the shorter; 

and, • a^ = 4y\ by the 2d condition, 

X = 2y, by extracting the square root. 

Substituting this value of x in the first equation, we have, 

y + 2y=*12; 

and, consequently, y = 4, 

and, a; = 8. 

Ans. 8 and 4. 

3. What two numbers are those whose product is 30, and 
the quotient of the greater by the less, 3^? Ans. 10 and 3. 

4. The product of two numbers is a, and their quotient 

i: what are the numbers? /^ 

An$. yc^ and v/t* 



90S SLBUBNTABT ALGEBBA. 

5. The sum of the squares of two numbers is 117, and the 
difference of their squares 45 : what are the numbers ? 

Ans. 9 and 6. 

6. The sum of the squares of two numbers is a, and the 
difference of their squares is o : what are the numbers? 



Ans. x:=z\J^-^, y = \/- 



2 

*I. What two numbers are those which are to each other 
as 8 to 4, and the sum of whose squares is 225 ? 

Ana, 9 and 12. 

8. What two numbers are those which are to each other 

as m to n, and the sum of whose squares is equal to a^ ? 

- ma na 

Ans. —===j ^— 

yn^+n^ ym^ + n^ 

9. What two numbers a^re those which are to each other 
as 1 to 2, and the difference of whose squares is 75 ? 

Ans. 5 and 10. 

10. What two numbers are those which are to each other 

as m to n, and the difference of whose squares ii4 equal to b^ ? 

. tnb nh- 
Ans. , , 

11. A certain sum of money is placed at interest for cdz 
months, at 8 per cent, per annum. Now, if the sum put at 
interest be multiplied by the number expresdng the interest, 
the product will be $562500 : what is the principal at in- 
terest? Ans. $3750. 

12?1 A person distributes a sum of money between a num- 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one-half 
as many dollars as there are persons, and the women, twice 
as many dollars as there are boys, and together they receive 
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138 dollars : Low many Tromen were there, and how many 
boys? 

' 36 women. 
48 boys. 

COMFI^ETB ^EQUATIONS. 



Ans.\ 



lS9m The reduced form of the complete equation (Art, 
153) is, 

x^ + 2px = q. 

Comparing the first member of this equation with the 
square of a binomial (Art. 64), we see that it needs but the 
square of half the coefficient of a;, to make it a perfect squai-e. 
Adding p^ to both members (Ax. 1, Art. 102), we have, 

a;2 + 2px + p^ = ^ +P^' 

Then, extracting the square root of both members (Ax. &), 

we have, 

x+p = ± ^q + p\ 

Transporing p to the second member, we havei 



X = —p ± -y/q + p^. 

Hence, there are two roots, one corresponding to the phis 
sign of the radical, and the other to the mirms sign. De- 
noting these roots by x' and x'\ we have, 



85' = — ^ + V^'+^j ^^ a" = — /> — V5"+^- 
The root denoted by a/ is called the first root ; that de- 
noted by a;" is called the second root. 

168. What is the form of the reduced equation of the second degree ? 
What is the square of the binomial a; + j> ? How many of those terma 
are found in the first term of the reduced equation? What must be 
added to make the first member a perfect square ? How many roots are 
there in every equation of the first degree ? What is the first root equal 
to ? What is the second equal to ? 
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199. The operation of squaring half the coeffident of 
X and adding the result to both members of the equation, is 
called Compl^inff the Square. For the solution of every 
complete equation of the second degree, we have the fol- 
lowing • 

BULB. 

L Beduce the equation to theform^ o^ + ^pa^ = S'- 

n. Take half the coefficient of the second term, square 
itf and add the result to both members of the equation : 

in. Then extract the square root of both members ; after 
which, transpose the know7i temt to the second member. 

Note. — ^Although, in the beginning, the student should 
complete the square and then extract the square root, yet 
he should be able, in all cases, to write the roots immediately, 
by the following (See Art. 168) 

BULB. 

L The first root is equal to half t/ie coefficient of the 
second term of the reduced equation, taken with a contrary/ 
sign, plus the square root of the second member increased 
by the square of half the coefficient of the second term : 

n. The second root is equal to half the coefficient of the 
second term of the reduced eqieation, taken with a contrary 
sign, minus the square root of the second member increased 
by the square of half the coefficient of the second term. 

MO. We will now show that the complete equation of 

159. What- ia the operation of completing the square? How many 
operations are there in the solution of erery equation of the second de- 
gree f What is the first ? What the second ? What the third ? Gire 
the rule for writing the roots without completing the square? 

160. How many forms will the complete equation of the second degree 
assume? On what will these forms depend ? What are the signs of 2p 
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the second degree will take four forms, dependent on the 
signs of 2p and q, 

Ist. Let us suppose 2p to be positive, and q positive ; we 
shall then have, 

aj2+ 2jpx z=i q (1.) 

2d. Let us suppose 2p to be negative, and q positive; 
we shall then have, 

7? — 2px z= q. . . . • (2.) 

3d. Let us suppose 2p to be positive, and q negative ; 
we shall then have, 

x^+2px = — q. . . . (3.) 

4th. Let us suppose 2/> to be negative, and q negative ; 
we shall then ha^ 

SB? — 2pfl5 = — g'., ... (4.) 

As thelSiS are all the combinations of signs that can take 
place between 2p and q, we conclude that every complete 
equation of the second degree will be reduced to one or the 
other of these four forms : 

a? + 2px = + y, . . 1st form, 

a^ — 2px = 4- ?, . . 2d form, 

as? + 2px = — g', . • 3d form. 

a? — 2px = — g, . . 4th form. 

ETAMFr.1W OF THE TJBST FORBC. 

1. What are the values of a; in the equation, 

2x^+ 8aj = 64? 
If we first divide by the coefficient 2, we obtain 
aj2 + 4aj = 82. 

and 9 in the fint formf What in the secondt What in the third? 
Wkat in the fourth f 
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Then, completing the square, 

a2 + 4a5 + 4 = 32 + 4 = 86. 

Extracting the root, 

35 + 2 = ± ySe = + 6, and — 6, 

Hence, OS's — 2 + 6 = +4; 

and, sb"=— 2 — 6=— 8. 

Hence, in this form, the smaller root, numerically, is positive, 
and the larger negative. 

VERIFICATION. 

If we take the positive value, viz. : a/ == + 4, 

the equation, a^ + ix = S2j 

gives 4« + 4 X 4 = 32 ; 

and if we take the negative value of cb, viz. : a/' =s » 8, 

the equation, a^ + 4x = 32, 

gives (- 8)« + 4(- 8) = 64 - 82 = 82 ; 

from which we see that either of the values of as, viz.: 
a/ = + 4, or »" = — 8, will satisfy the equation. 

2. What are the values of a? in the equation, 

Sx^ + 12a; — 19 = — a^ - 12aj + 89? 
By transposing the terms, we have, 

3a^ + aj'^ + 12aj + 12a5 = 89 + 19; 

and by reducing, 

4a;2+ 24a; = 108; 

and dividing by the coefScient of a^, 

a;* + 6a; =: 27. ^ 
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Now, by completing the square, 

aj2 + 6aj + 9 = 56 ; 
extracting the square root, 

« + 3 = ±^36 = + 6, and -* 6; 
hence, a/=+6 — 3 = +8; 

and, «"=— 6 — 3 = — 9, 

VBEIFlCATIOlSr. 

If we take the plus root, the equation, 
052 + 605 = 27, 
gives . (3)2+ 6(3) = 27; 

. * and for the negative root, 

x^+ 6x = 27, 
gives (- 9)3 + 6(- 9) = 81 - 64 = 27. 

.8. What are the values of o; in the equation, 

a^a — lOaj + 16 = ?- - 34aj + 165 ? 
5 

By clearing effractions, we have, 

6aj3 — 6005 + 75 = 052 — 17005 + 775; 
by transposing and reducing, we obtain, 
4052 + 12O0J = 700 ; 
then, dividing by the coefficient of 052, we have, 

052+ SOo: = 176; 
and bj completing the square, 

>+ 8to + 225 = 400; 
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and by extracting the sqoare root, 

a? + 15 = dby^oo = + 20, and — 2a 
Hence, aj' = + 5, and a/' = — 86, 

YBBIFICATION. 

For the plus value of as, the equation, 
ar^ + 30aj = 175, 
^ves, (5)2 + 30 X 6 = 25 + 150 = 175. 

And for the negative value of as, we have, 

(- 85)« + sol;— 35) = 1225 - 1050 =- 175. 

4. What are the values of a; in the equation, 

6 2 4 3 12 

Gearing effractions, we have, 

10aj2 -6a5+9 = 96 — 8aj- 12a!» +*278} 
transporing and reducing, 

22a^> + 2as s 860 ; 
dividing both members by 22, 

"*" 22^ ■" 22 * 
Add ( ^ ) to both members, and the equation becomeSi 

^22 ^\22/ 22 ^\22/' 

whence, by extracting the square root, 

. 1 . /360 , / I V 

• + 22 = =^VW + i22)' 
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therefore, 

. 1 . /360 , / 1 V 

and, 0/'= - i« - ./^ + (1\\ 

^ 22 V 22 ^ \22; 

It remains to perform the numerical operations. In the 
first place, 



360 
22 ■*■ 



(ir- 



must be reduced to a single Aumber, having (22)' for its 
denominator. Now, ' 



360 M \2 _ 360 X 22 4- 1 _ 7921 ^ 
22 "^122/ "" (22)2 - (22)«' 



extracting the square root of 7921, we find it to be 89; 
therefore, 



/360 . / 1 \2 89 

V-22- + 122; = =^22- . 



Consequently, the plus value of a; is, 

" 22 "*" 22 "■ 22 "■ ' 
and the negative value is, 

* *" 22 22 "" 11' 

that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, aiid the other 
a negative fi'action. 

Note.— Let the pupil be exercised in writing the roots, in 
•he last five, and in the following examplesj without com^ 
plying the square. 
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5. Wliat are the values of a? in the equation, 

8aj» + 235 — 9 = 16? 

, j 25' = J. 

^'^•ia5'--5|. 

6. What are the values of 05 in the equation, 

2a5»+8a5+7=:— -- + 197? 

4 o 

7. What are the values of a; in the equation, 

---+18 = __8a!+95}? 



A J a;' = ». 
^"*- 1 «"= - 64*. 



64J. 
8. What are the yalues of sb in the equation, 



a? 5a! X 



(05'= 2. 

( 05"= -^ n\. 



0. What are the values of 05 in the equation, 



2"^i"T"'l0'^20 



( 05' = 1. 
(05"= - 2|. 



XZAMPLBS OF THE SECOND FOBM. 

1« What are the values of a; in the equation, 
ad — to + 10 = 19? 
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By transposing, 

052 - SOJ = 19 — 10 = g.. 

then, by completing the square, ^ 

05^ - 8aj + 16 = 9 + 16 = 25 ; 
and by extracting the root, 

X — 4 z= ± -y/^S = 4-5, or — 6. 
Hence, 

05' = 4 + 5 = 9, and «" = 4 - 6 =. - 1. 

That is, in this form, the larger root, nmnerically, ig 
. positive, and the lesser negative. 

VERIFICATION. 

If we take the positive value of a;, the equation, 

a;2 — 805 = 9, gives (9)^ — 8 X 9 = 81 — 72 = 9; 

and if we taUke the negative value, the equation, 

a^ - 805 = 9, gives (- 1)^ — 8 (- 1) = 1 + 8 = 9; 

from which we see that both roots alike satisfy the equar 
tion. 

2. What are the values of 05 in the equation, 

05^ 05 05^ 

- + --15=-+a,-14|? 

By clearing effractions, we have, 

6052 4- 405 — 180 = 3oj3 + 1205 — 177 , 
and by transposing and reducing, 

3052 — 805 = 3 ; 
and dividing by the coefficient of a;^, we obtain, 

10 8 
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Then, by completing the square, we have, 

• 8 , 16 , ^ 16 25 

8^9 ^9 9*. 

and by extracting the square root, 

Hence, 

fl/= - + - = -4-8, and aj" = = • 

8 8 ' 8 8 S 

VBBIEICATION. 

For the positive root of Xj the equation, 
«» - ^a; = 1, 

gives 82-?x8 = 9-8 = l; - 

and for the negative root, the equation, 

/ IV 8 11,8 

8, What are the values of « in the equation, | 

?-i + '» = 8> 

Clearing of fractions, and dividing by the coefficient of 
85% we have, 

«? - |b = If 
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Completing the square, we have, 

3^0 * ^ 9 36 ' 

then, by extracting the square root, we have, 

1 . /^ . '^ :i '^ 

X = +\/ — = H — . and : 

hence, 

^ = 3 + 6=^6 = ^*' ^^ « =3"6 = -r 

YXBIFICATION. 

If we take the pdatdre root of x, the equation, 
0? - |b = U, 

gives (lj)»-|x li = 2J-1 = IJ; 

and for the negative root, the equation, 

a^ - I" = U. 

i Sy 2 6 26 . 10 45 

S"'" (-6)-3^-6 = 36 + 18 = 86 = *^ . 

4. What are the values of aj in the equation, 
4a2 — 2aj2 + 2ax = IBab - ISJ^? 

By transposing, changing the signs, and dividing tty 9, 
the equation becomes, 

fl5» - oa «= 2a« — 9a5 + 95»; 
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whence, completing the square, 

a;2 - oiB + ^ = -^ 9aft + 9J2 ; 

4 4 

extracting the square root, 






962. 



g^2 

Now, th^ square root of 9a6 + 9J^ is evidently 

Za * 

-— — 86. Therefore, 

« = ;; ± ( -;; 36), and ^ ,, ,- , 

2 \ 2 /' I «"== — a + 36. 

What will be the numerical values of a?, if we suppose 
a •=i ^^ and 6 = 1? 

5. What are the values of x in the equation, 

L — 4 - ai2 + 2a; - ^aj2 = 45 — Sjb^ + 4a;? 
8 6 

12 ) to within 



. ja;' = 7.12Uowitl] 
'^'^' 1 a;" = - 6.73 \ 0.01. 



6. What are the values of a; in the equation, 
8a;2 — 14a; + 10 = 2a; + 34 ? 



7. What are the values of a; in the equation, 



^ - 30 + a; = 2a; - 22 ? 
4 

Ans. 



ja;' = 8. 
( a;" = - 4. 



8« What are the values of a; in the equation, 

( a;' =9. 
(«"«-. 1. 



ai»— 8a; + y = 9a;+ 13^? 
Am. 
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9. What are the values of a; in the equation, 
2aa; - aj2 = — 2ab — b^? 

Arts ^''' =2« + »- 

10. What are the values of aj in the equation, 
a2+ J2_ 2hx + x^ = -^? 



Ans, 






EXAMPLES OF THE THIRD EORM. 

1. What are the values of aj in the equation, 

a;2 + 4aj = — 3 ? 
First, by completing the square, we have, 

a2+4aj + 4=— 3 + 4 = 15 
and by extracting the square root, 

a;+2=±vl = +l, and— 1; 
hence, «'= — 2 + 1 = — 1; and cc" = — 2 — 1 = — 8. 
That is, in this fonn both the roots are negative. 

VERIFICATION. 

If we take the first negative value, the equation, 

252 + 4jb = _ 3^ 
gives (- 1)2 + 4(- 1) - 1 - 4 = - 3; 

and by taking the second value, the equation, 

aj3 + 4a5 = — 8, 
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gives (— 3)» +4( -^3) = 0-12 = -8; 

hence, both values of x satisfy the given equation. 

. 2. What are the values of a; in the equation, 

_ ^ -. 6a5 — 16 = 12 + hx^+6x? 

' By transpomng and reducing, we have, 
— aj» — lla; = 28 ; 
then, dividing by — 1, the coefficient of a^, we have, 

a5« + llaj = — 28; 
then, by completing the square, 

ai»+ 1135 + 30.26 = 2.26; 



hence, a; + 6.6 = ±^2.25 = + 1.6, and — 1.6; 
consequently, as' = — 4, and as" = — 7. 

3. What are the values of a; in the equation, 

— ^ — 205 — 6 = |a52+6a5 + 6? 
8 o 



Am \'^ = -*• 



4. What are the valnes of ib in the equation, 



2a!»+ 8a! = - 2| — |a5l 
3 



^-i^'::J: 



6. What are the values of a; in the equation, 

4a8» + |a5 + 305 = — I4a5 — 34 — 4a^1 
o 

AnJt. \ 

2. 



^-l::.;:*- 



OOUPLSTB BQUATIONS. 



8. What are the valaes of a; in the equation, • 

i 



3 4q;^ 

-. iB2 _ 4 _ jg _, +2435 + 21 

4 2 



^'"•i^'=-8. 



7. Wliat are the values of a; in the equation, 

1 8 

^aJ^ + 7aj + 20 = — -sb^ — lla; - 60 ? - 

. ja!' = - 8. 

8. What are the values of a: in the equation. 



f 



9. What are the valnes of a; in the equation, 



|«'+J,+ l = _la?-5A«-?f 



^-•J:;'::;',: 



10. What are the values of a; in the equation, 

a5-aj2— 3=:6a5+l? 

11. What are the values of as in the equation, 

a^a + 4a5 — 90 = — 93 ? 



^^•{^.«-5: 



EXAMPLES OF THE FOUBTH FOBM. 

I. What are the values of x in the equation, 
a?» - 8x = - 7 ? 
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By completing the square, we have, 

aj^ - 8aj + 16 = — 7 + 16 = 9; 
then, by extracting the square root, 

aj — 4=±v^=+3, and — 8 ; 
hence, a;' = + <r, and a;" e= + 1. 

That is, in this form, both the roots are positive. 

VEEIFICATION. 

If we take the greater root, the equation, 
a5« — 8aj = — 7, gives, 7^ - 8 x 7 = 49 — 66 == - 7; 
and for the lesser, the equation, 

aj« — 8a5 = — 7, gives, l^ — 8x1 = 1 — 8= —7; 
hence, both of the roots will satisfy the equation. 

2. What are the values of x in the equation, 

40 
- lja;2 + 335 - 10 = lja52 - I8a5 + ~? 

2 

By clearing of fractions, we have, 

— 3»2 4-635 — 20 = Sx^ - 3635 + 40 ; 

then, by collecting the similar terms, 

— 6a;2 + 42aj = 60 ; 

then, by dividing by the coefficient of x^^ which is — 6, 
we have, 

aj2 - 7aj = - 10. 

By completing the square, we have, 

a?' — 7a; + 12.25 =a 2.25, 
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and by extracting the square root of both members, 

05 — 3.5 = ±^2^ = 4- 1.5, and — 1.6; 
hence, 

a/ = 3.6 + 1.5 = 6, and a?" = 3.6 - 1.6 = 8, 

VERIFICATION. 

If we take the greater root, the equation. 
Q?-1x=i - 10, gives, 62 - Y X 6 = 25 — 36 = - 10; 
and if we take the lesser root, the equation, 
353 — 7aj = - 10, giyes, 2^ — 7 X 2 = 4 — 14 =r - 10. 

8. What are the values of a in the equation, 

— 3aj + 2aj2 + 1 = I7|a; - 2x2 - 3 ? 
By transposing- and collecting the terms, we have, 
4a;2 — 20|a5 = — 4 ; 
then dividing by the coefficient of a^ we have, 

x^ - 5^0? = - 1. 
By completing the square, we obtain, 

, ., .169 , , 169 144 

^ ^ 25 ^ 26 25 * 

and by extracting the root, 

x2-2|= ±^— = +~,and--; 

hence, 

«, 12 . •, ., «, 12 1 

05' = 24 + — - =r 5, and, a/' = 2| = -• 

5 5 5 

VERIFICATION. 

If we take the greater root, the equation, 
05* — 6|« = — 1, gives, 63 - 6| X 5 = 25 - 26 = — 1 ; 



BLE MENTAL Y ALGEBRA. 

and if we take the lesser root,, the equation, 
«;«-6ia==-l, gives, g)-6jx^=^-| = -l. 

4. What are the values of a; in the equation, 

-a? - 3aj + - = - ?aj2 + -a; — -? 

'^'^' i a/' = i. 

5. What are the values of a; in the equation, 
— 4a? - ^aj + 1| = - 6a;2 + 8a5? 

iaj' = 8. 
( a5" = |. 

6. What are the values of aj in the equation, 

1. "What are the values of « in the equation, 

a? - 10^35 = - 1 ? 

. jiB' = 10. 

8. What are ;he values of a; in the equation, 

— 2lx ^ -V- + 100 = ■— + 12aj — 26? 
5 6 



Ans. 



( a?" = 6. 



9« What are the values of a; in the equation, 

[) 
[aj' =-9. 



8a;2 1x^ ' 

^ — 22a; + 15 = - _. + 28aj - 30 ? 
3 3 



Ana. \ ' 
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10. What are the values of a; in the equation, 



2a5» — 30a5 + 8 = ^ x^ + Sfyx - ^? 



Am. 



jfls^ =11. 



PROPEBTDSS OF EQTJATIOKS OF THE SECOND DEaREE. 
FIRST PEOPBRTT. 

161. We have seen (Art. 163), that every complete 
equation of the second degree may be reduced to the form, 

05^+ 2px =: q. .... (1.) 
Completing the square, we have, 

x^+ 2px +p^ z=z 2' + jp2 . 
transposing q + p^ to the first member, 

x^+2px+p'^'' {q+ p^) = 0. . (2J 

Now, since x^ + 2px + p'^ is the square of a? + 1?, and 
q + p^ the square of ^/q + p^^ we may regard the first 
member as the difference between two squares. Factoring, 
(Art. 66), we have, 

{x-\'P+ vT+l^) (a + i? - Vq+^) = 0. . (3.) 

This equation can be satisfied only in two ways : 

1st. By attributing such a value to x as shall render the 
first factor equal to ; or, 

161. To what form may every equation of the second degree be re- 
duced ? What form will this equation take after completing the square 
and transposing to the first member? After factoring? In how many 
ways may Equation ( 8 ) be satisfied ? What are they ? How many rooti 
bM «TeTy equation of the sacond degree ? 
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2d. By attributing such a value to aj as shall r wilder th« 
second factor equal to 0. 

Placing the second factor equal to 0, we have, 



X + jb — Vq-^P^ = 0; ^^ ^ =^ —p + Vs +p^' (*•) 

Placing the first factor equal to 0, we have, 



SB +/> + ^/qTp^ = 0; and aj" = — ^ — vT+^- i^-) 

Since every supposition that wiU satisfy Equation ( 3 ), will 
also satisfy Equation ( 1 ), from which it was derived, it fol- 
lows, that x' and as" are roots of Equation ( 1 ) ; also, that 

Every equation of the second degree has two roots^ and 
only two. 

Note. — ^The two roots denoted by x' and a?", are the 
same as found in Art. 158. 

SECOND PROPEBTY, 

169. We have seen (Art. 161), that every equation of 
the second degree may be placed under the form, 



(a; +^ + Vil+P^) (« -^-P - VThFP) = 0. 

By examining this equation, we see that the first factor 
may be obtained by subtracting the second root from the 
unknown quantity x ; and the second factor by subtracting 
the^r^^ root from the unknown quantity x ; hence, 

Every eqication of the second degree may he resolved into 
two binomial factors of the first degree^ the first terms^ in 
both factors^ being the unknown quantity^ and th£ second 
terms^ the roots of the equation^ taken with contrary signs, 

162. Into how many binomial factors of the first degree may every 
equation of the second degree be resolved ? What a;e the first terma of 
these factors ? What the second f 



FORMATION OF SQUATTOITS. 



THIRD PBOPERTT. 

163. B* we add Equations (4) and (5), Art. 161, we 
have, 

a' = — i>. + Vg^^^tl^ 

x" = — p — \/q~+^ 
oj' + a" = — 2p ; tliat is, 

Tn every reduced equation of the second degree^ the sum 
of the two roots is equal to the coefficient of the second term^ 
taken with a contrary sign. 

POUKTH PEOPEETY, 

164. If we multiply Equations (4) and (5), Art. 161, 
member by member, we have, 

a;' X as " = (- Jo + Vq + P^) {- P - Vq + P^) 
= P^- {Q+P^) = - Ql that is, 
In every equation of the second degree, the product of 
the two roots is dqual to the known term in the second mefmr 
ber^ taken with a contrary sign. 



FOEMATIOl^ OF EQUATIONS OF THE BEOOTHJ DEGBEK 

165* By taking the converse of the second property, 
(Art. 162), we can form equations which shall have given 
roots; that is, if they are known, we can find->the corre* 
sponding equations by the following 

BULE. 

I. Subtract each root from the unknown quantity : 

163. What is the algebraic sum of the roots equal to in every equation 
of the second degree f 

164. What is the product of the roots equal to? 

165. How will jou find the equation when the roots ar« known f 
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n. Multiply the results together^ and place their product 
eqtcal to 0. 

EXAMPLES. 

Note. — ^Let the pupil prove, in evert/ case^ that the roots 
will satisfy the third and fourth properties. 

1. If the roots of an equation are 4 and — 5, what is the . 
equation ? Ans. a? + aj = 20. 

2. What is the equation when the roots are 1 and — 3 ? 

Ans. ar* + 2aj = 3. 

3. What is the equation when the roots are 9 and — 10 ? 

Ans. a? + a? = 90. 

4. What is the equation whose roots* are 6 and — 10 ? 

Ans. a? + 4aj = 60. 

5. What is the equation whose roots are 4 and — 3 ? 

Ans. x^ — X = 12. 

6. What is the equation whose roots are 10 and — yV ^ 

Ans. x^ — 9Waj = 1. 

f . What is the equation whose roots are 8 and — 2 ? 

Ans. a;2 — 6aj = 16. 

8. What is the equation whose roots are 16 and — 5 ? 

Ans. aj' — llaj = 80. 

9. What is the equation whose roots are — 4 and — 6 ? 

Ans. »2 + 9a; = . — 20. 

10. What is the equation whose roots are — 6 and — 7 ? 

Ans. aj2 + 13a5 = — 42. 

8 

11. What is the equation whose roots are — j and — 2 ? 

' 3 

Ans. x^ + 2}aj = — - • 

12. What is the equation whose roots are — 2 and — 3 ? 

Ans. a? + 6« = — 6. 
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18. Wbat is the equation whose roots are 4 and 3 ? 

Ans. x^ — 7a5 = — 12. 

14. What is th) equation whose roots are 12 and 2 ? 

Ans, a;*'— 14a5 = — 24, 

15. What is the equation whose roots are 18 and 2 ? 

Ans. 7? — 20a5 = — 36. 

16. What is the equation whose roots are 14 and 3 ? 

Ans. x^ — \1x = — 42. 

4 9 

17. What is the equation whose roots are - and ^7? 

65 
Ans. Q? + -—X = 1, 
36 

2 

18. What is the equation whose roots are 5 and — ^ ? 

A 2 13 10 

Ans. x^ —05 = -r • 

3 3 

19. What is the equation whose roots are a and h ? 

Ans. x^ — (a«4- h)x z=z -^ ah. 

20. What is the equation whose roots are c and — c?? 

Ans, x^ — (c — d)x=:C€L 



TRINOMIAL EQUATIONS OF THE SECOND DEGREE. 

165.* A trinomial equation of the second degree con- 
tai^is three kinds of terms : 

1 St. A term involving the unknown quantity to the second 
degr»K. 

2d. A tervf^ involving the unknown quantity to the first 
degree; and 

3d. A known term. Thus, 

052 — 4a; — 12 = 0, 
is a trinomial equation of the second degree. 
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rACTORrNG. 

165.*^ What are the factors of the trinomial equation, 

a.2 — 4a; — 12 = ? 

• 

A trinomial equation of the second degree may always be 
reduced to one of the four forms (Art. 160), by simply trans- 
posing the known term to the second member, and then 
solving the equation. Thus, from the above equation, we 
have, 

a?* — 4a5 = 12. 

Resolving the equation, we find the two roots to be +6 
and — 2 ; therefore, the factors are, as — 6, and a; + 2 
(Art. 162). 

Since the sum of the two roots is equal to the coefficient 
of the second term, taken with a contrary sign (Art. 163) ; 
and the product of the two roots is equal to the known 
term in the second member, taken with a contrary sign, or 
to the third tevn of the trinomial, taken with the same 
sign : hence it follows, that any trinomial may be factored 
by inspection, when two numbers can be discovered whose 
algebraic sum is equal*to the coefficient of the second term^ 
and whose ^product is equal to the third term. 

EXAMPLES 

1. What are the factors of the trinomial, a?^ — 9a; — 36? 

It is seen, by inspection, that — 12 and + 3 will fulfil the 
conditions of roots. For, 12 — 3 = 9 ; that is,^ the co- 
efficient of the second term with a contrary sign ; and 
12 X — 3 = — 36, the third term of the trinomial; hence, 
the factors are, a; — 12, and a; -I- 3. 

2. What are the factors of aj? — 'iTa; — 80 = ? 

Ans. X — 10, and as + 3 
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8. What are the factors of ai^ + 1^ 4. ge =: 0? 

Ans. X + 12, and x + 3. 
4. What are the factors of aj^ — I2a5 — 28 = ? 

Ans. X — 14, and x + 2. 
6. What are the factors o{ x^ — 1x — S = ? 

Ans. 35 — 8, and x + h 

TRINOMIAL EQUATIONS OF THE FOSM 

aj2« + 2jxc" = q. 

In the above equation, the exponent of aj, in the first term, 
is double the exponent of as in the second term. 

a;« — 4a;3 _ 32^ and x^ + 4x^ = llf, 

are both equations of this form, and may be solved by the 
rules already given for the solution of equations of the 
second degree. 
^ In the equation, 

a52« + 2px^ = qj 

we see that the first member will become a perfect square, 
by adding to it the square of half the coeflEicient of as"; thus, 

a;2« + 2jxc« + p^ = ? + i>S 

in which the first member is a perfect square. Then, ex- 
tracting the square root of both members, we ha\ e, 

^ 

aj^ + i? = ± y/q + p^ ; 

hence, a;" = — jt> ± ^q + jP; 

then, by taking the nth root of both members, 

and 05" = V-JP — V— P + P^' 
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/ 
EXAMPLES. 

1. What are the values of a; in the equatiLoD, 

aje+ 6a^ = 112? 
Completing the square, 

a5« + 6ic3 + 9 = 112 + 9 = 121 ; 
then, extracting the square root of both members, 
»3 + 3 = ± '/l21 = ± 11 ; hence. 



85' = y— 3 + 11, and X*' = \f^^ — 11 ; hence, 
05' = 3^ = 2, and as" = \/^^^A: = - \/\L 

2. What are the values of a; in the equation, 

- x* — 8a5« = 9 ? 
Completing the square, we have, 

aji - 8as» + 16 = 9 + 16 = 25. 

Extracting the square root of both members, 

as* — 4 = ± y^ = ± 5 ; hence, 

a/ = ± -/4 + 6, and as" = ± ^4 — 5; hence, 

«/ = + 8 and — 3 ; tnd a/' = + -/— 1 and — -|/— 1. 

3. What are the yalues of a; in the equation, 

ajs + 2005^ = 69 ? 
Completing the square, 

ix^ + 20aj3 + 100 = 69 + 100 = 169. 
Extracting the square root of both members, 
a;3 -f 10 = ± -y/im = ± 13 ; hence, 
a/ = y- 10 + 13, and as" = 3/- lo - 13. 
aj' = ^, and «" = y^^^~23. 
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i. What are the values of a; in the equation, « 
a*— 2a;2 = 3? 

Ana. aj' = it y^, and as" = ± -v^— 1. 

5. What are the values of a; in the equation, 

aj«+ 8a3 = 9? 

Ans. a' = 1, and a:" = 3^— 9. 

6. Given x + y^ + 4 = 12, to find aj. 
TransposiDg a; to the second member, and then squaring, 

9aj + 4 = ai^ — 24a; 4- 144 ; 
.-. aj^ — 33a5 = — 140; 
end, x^ = 28, and aj" = 6. 

1. 4x + 405 + 2 = 7. ^w«. as' = 4}, a/' = J. 



8. « + v(5a5 + 10 = 8. Ans. xf = 18, as" = 3. 



iq-UMERIOAL VALUES OF THE ROOTS. 

166. We have seen (Art. 160), that by attributing all 

possible signs to 2p and q^ we have the four following 

forms: 

a?+ 2px = q. .... (1.) 

. ^ a;2 — 2px z=^ q. .... (2.) 

a;2 + 2i?a5 = — J (3.) 

Q^ — Ipx z= ^ q. . , . . (4.) 

166. To how many forms may every equation of the second degree bt 
Mducedt What are they? 
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I^irst Form. 

167. Since q is positive, we know, from Property 
Fourth, that the product of the roots must be negative ; 
hence, the roots have contrary signs. Since the coefficient 
2p is positive, we know, from Property Third, that the alge- 
braic sum of the roots is negative ; hence, the negative root 
is numericaUy the greater. 

Second Form. 

168. Since q is positive, the product of the roots must 
be negative; hence, the roots have contrary signs. Since 
2p is negative, the algebraic sum of the roots must be posi- 
tive ; hence, the positive root is numericaUy the greater. 

Third Form. * 

169. Since q is negative, the product of the roots is 
positive (Property Fourth) ; hence, the roots have the same 
sign. Since 2p is positive, the sum of the roots must be 
negative ; hence, both are negative. 

F(mrth Form. 

170. Since q is negative, the product of the roots is 
positive ; hence, the roots have the same sign. Since 2p is 
negative, the sum of the roots is positive ; hence, the roots 
are both positive. 

167. What sign has the product of the roots in the first form? How 
are their signs ? Which root is numerically the greater ? Why ? 

168. What sign has the product of the roots in the second form ? How 
are the signs of the roots ? Which root is numerically the greater? 

169. What sign has the product of the roots in the third form ? How 
are their signs ? 

170. What sign has the product of the rcjots in the fourth form? How 
are the signs of the roots ? 

/ 
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First and Second JFbrms, . 

IVl. If we maike q = Oj the first form becomes, 

052 ^ 2px = 0, or x{x + 2p) = ; 

which shows that one root is equal to 0, and the other to — 2p. 

Under the same supposition, the second form becomes, 

x^ — 2px = 0, or 05(05 — 2/?) = ; 

which shows that one root is equal to 0, and the other to 
2p. Both of these results are as they should be ; since, when 
q^ the product of the roots, becomes 0, one of the factors 
must be ; and hence, one root must be 0. 

Third and Fourth Forms, 

172. If, in the Third and Fourth Forms, q>p\ the 
quantity under the radical sign will become negative / hence, 
its sqicare root cannot be extracted (Art. 137). Under this 
supposition, the values of x are imaginary. How are these 
results to be interpreted ? 

If a given number be divided into two parts^ their pro* 
duct will be the greatest possible^ when the parts are equal. 

Denote the number by 2/?, and the difference of the parts 
by d\ then, 

' ^ + - = the greater part, (Page 120.) 

and, |> — - = the lelss part, 

/?2 

and, ^2 _ __ p^ Hci!^ product. 

lYl. If we make g = 0, to what does the first form reduce? What, 
then, are its roots ? Under the same supposition, to what does the second 
form reduce ? What are, then, its roots? 

1^2. If q >p*t in the third and fourth forms, what takes place? 

If a number be divided mto two parts, when will the product be th« 
greatest possible ? 



• 
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It is plain, tliat the product P will increase^ as d dimifh- 
ishes, and that it will be the greatest possible when c? = ; 
for then there will be no negative quantity to be subtracted 
from p\ in the first member of the equation. But when 
<? = 0, the parts are equal ; hence, the product of the two 
parts is the greatest when they are egual. 

In the equations, 

a* + 2joa5 = — g', 85^ — 2;xB = — g', 

2p is the sum of, the roots, and — q their product; and 
hence, by the principle just established, the product q^ 
can never be greater than p^. This condition fixes a limit 
to the value of q. I^ then, we make q > jt?^, we pass this 
limit, and express, by the equation, a condition which cannot 
be fulfilled; and this incompatibility of the conditions is 
made apparent by the values of x becoming imaginary. 
Hence, we conclude that, 

When the values of th>e unknown quantity are imaginary^ 
the conditions of the proposition are incompatible with 
each other. 

BZAHPLBS. 

1. Find two numbers, whose sum shaJl be 12 and pro 
duct 46. 

Let X and y be the numbers. 

By the 1st condition, x + y z= 12; 

and by the 2d, xy = 46. 

The first equation gives, 

X = 12 — y. 

Substituting this value for x in the second, weliave, 

12y - y2 = 46 ; 

and changing the signs of the terms, we have, 

y» - 12y ■= — 46 
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Then, hj completing the square, ^ 

y2 - I2y + 36 = - 46 + 36 = - 10; 



which gives, y' = 6 + -/— 10, 



and, y" = 6 — -/— 10; 

both of which values are imaginary, as indeed they should 
be, since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 20': 
what are the numbers ? 

Denote the numbers by x and y. 
By the first condition, 

aj + y = 8; 
and by the second, xy = 20. 

The first equation gives, ' 

a = 8 — y. 
Substituting this value of a; in the second, we have, 

8y - y* = 20 ; 
changing the signs, and completing the square, we have, 

y3- 8y+ 16 = -4; 
and by extracting the root, 

y' = 4 + -Z^^, and y" = 4 — -/-Ti. 
These values of y may be put under the forms (Art. 142), 
y = 4 + 2-v/^j and y = 4 — 2-/^^. 

8 What are the values of cc in the equation, 
052+ 2aj = - 10? 

xf = - 1 +3 -/=nT 



(a' = — 1 +8 



Ans. . 

8v^— 1, 
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PBOBLEMS. 

1. Find a number such, that twice its square, added to 
three times the number, shall give 65. 

Let X denote the unknown number. Then, the equation 
of the problem is, 

235^ + 3a5 = 66 ; 
whence, 

8 . /66 . 9 8 .•23 

Therefore, 

. 3 , 23 ^ - ,, 3 23 13 
Or = = 6, and aj" = = • 

Both these values satisfy the equation of the problem. 
For, 

2 X (6)3 + 3 X 5 = 2 X 26 + 15 = 65 ; 



-a, K-f) 



I* , „ 18 169 39 130 



Notes. — 1. K we restrict the enunciation of the problem 
to its arithmetical sense, in which "added" means nt^mer- 
teal increase^ the first value of x only will satisfy the con- 
ditions of the problem. 

2. If we give to "added,'* its algebraical signification 
(when it may mean subtraction as well as addition), the 
problem may be thus stated : 

To find a number such, that twice its square diminished 
by three times the number, shall give 65. 

The second value of x will satisfy this enunciation; for. 
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8. The root which results from giving the plus sign to the 
radical, is, generally, an answer to the question in its arith- 
metical sense. The second root generally satisfies the pro- 
blem under a modified statement. 

Thus, in the example, it was required to find a number, 
of which twice the square, added to three times the num- 
ber, shall give 65. Now, in the arithmetical sense, added 
means increased ; but in the algebraic sense, it implies dimi- 
nution when the quantity added is negative. In this sense, 
the* second root satisfies the enunciation. 

2. A certain person purchased a number of yards of cloth 
for 240 cents. If he had purchased 3 yards Ubs of the same 
^ cloth for the same sum, it would have cost him 4 cents more 
per yard : how many yards did he buy ? 

Let X denote the number of yards purchased. 

240 
Then, — will denote the price per yard. 

I^ for 240 cents, he had purchased three yards less, that 

iS, aj — 3 yards, the price per yard, under this hypothesifl, 

240 
would have been denoted by • But, by the condi- 

tions, this last cost must exceed the first by 4 cents. There- 
fore, we have the equation, 

240 240 _ 

SB — 3 aj ~ ' 
whence, by reducing: a^ _ g^ __ 130^ 



and, X = - ± ^- + 180 = — |— ; 

therefore, x' = 15, and a" = — 12. 

Notes. — 1. The value, a;' = 15, satisfies the enundation 
in its arithmetical sense. For, if 15 yards cost 240 oentip 
U 
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240 -*- 16 = 16 cents, the price of 1 yard ; and 240 -r 12 = 20 
cents, the price of 1 yard under the second supposition. 

2. Tlie second value of a; is an answer to the following 
Problem : 

A certain person purchased a number of yards of cloth 
for 240 cents. If he had paid the same for three yards more^ 
it would have cost him 4 cents less per yard : how many 
yards did he buy? 

This would give the equation of condition, 
240 240 . , 

aj2- 305 = 180; 
the same equation as found before ; hence, 

A single equation wiU often state two or more arith- 
metical problems. 

This arises from the &ct that the language of Algebra is 
more comprehensive than that of Arithmetic. 

3. A man having bought a horse, sold it for |24. At the 
sale he lost as much per cent, on the price of. the horse, as 
the horse cost him dollars : what did he pay for the horse ? 

Let X denote the number of dollars that he paid for the 
horse. Then, 05 — 24 will denote the loss he sustained. But 

as he lost x per cent, by the sale, he must have lost — - 

upon each dollar, and upon x dollars he lost a sum denoted 

\>^ — - ; we have, then, the equation, 

-— =: 05 — 24 ; whence, 05* — 100« cs — 2400, 
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and, a; = 60 ± -/2500 — 2400 = 60 ± 10. 

Therefore, of = 60, and a" = 40. 

Both of these roots will satisfy the problem. 

For, if the man gave |60 for the horse, and sold him for 
$24, he lost $36. From the enmiciation, he should have lost 
60 per cent, of $60 ; that is, 

^of60 = ^^^ = 36; 
100 100 ' 

therefore, $60 satisfies .the enunciation. 

Had he paid $40 for the horse, he would have lost by the 
sale, $16. From the enunciation, he should have lost 40 per 
cent, of $40 ; that is, 

40 -,^ 40X40 

— of 40 = = 16 : 

100. 100 ' 

therefore, $40 satisfies the enunciation. 

4. The sum of two numbers is 11, and the sum of their 
squares is 61 : what are the numbers? Ans. J5 and 6. 

6. The diiference of two numbers is 3, and the sum of their 
squares is 89 : what are the numbers ? Ans, 5 and 8. 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold the ' re- 
mainder for £54, and gained 25. a head on those he sold : 
how many did he buy ? Ans, 75. 

7. A merchant bought cloth, for which he paid £33 155., 
which he sold again at £2 85. per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buy ? Ans, 15, 

8. The difference of two numbers is 9, and their sum, 
multiplied by the greater, is equal to 266 : what are the 
numbers? Ans, 14 and 5. 
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9. To find a number, such that if you subtract it from 10, 
and multiply the remainder by the number itself, the pro- 
duct will be 21. A71S. 1 or 3. 

10. A person traveled 105 miles. If he had traveled 2 
miles an hour slower, he would have been 6 hours longer in 
completing the same distance : how many miles did he travel 
per hour ? Ans. 1 miles. 

11. A person purchased a number of sheep, for which he 
paid $224. Had he paid for each twice as much, plus 2 dol- 
lars, the number bought would have been denoted by twice 
what was paid for each : how many sheep were purchased ? 

Am. 32. 

12. The difference of two numbers is 7, and their sum 
multiplied by the greater, is equal to 180 : what are the 
numbers ? Ans, 10 and 3. 

13. Divide 100 into two such parts, that the sum of their 
squares shall be 6392. Ans, 64 and 36. 

14. Two square courts are paved with stones a foot square ; 
the larger court is 12 feet larger than the smaller one, and 
the number of stones in both pavements is 2120 : how long 
is the smaller pavement? A71S, 26 feet. 

15. Two hundred and forty dollars are equally distributed 
among a certain number of persons. The same sum is again 
distributed amongst a number greater by 4. In the latter 
case each receives 10 dollars less than in the former: how 
many persons were there in each case. Ans, 8 and 12. 

16. Two partners, A and B^ gained 360 dollars. A^a 
money was in trade 12 months, and he received, for prin- 
cipal and profit, 520 dollars. B-s money was 600 dollars, 
and was in trade 16 months: how much capital had A ? 

Ans, 400 dollars. 
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EQUATIONS INVOLVING MOEE THAN ONE UNKNOWN QUANTITY. 

ITS. Two simultaneous equations, each of the second 
degree, and containing two unknown quantities, will, when 
combined, generally give rise to an equation of the fourth 
degree. Hence, only particular cases of such equations can 
be solved by the methods already given. 

FIRST. 

Two simultaneous equations^ involving two xmknown 
quantities^ can always he solved when one is of the first 
and the other of the second degree, 

EXAMPLES. 

1. Given "i « , o "^ ^^^ r to find x and y. 

By transposing y m the first equation, we have, 
aj = 14 - 2/; 
and by squaring both members, 

aj2 = 196 — 28y + y\ 

Substituting this value for x^ in the second equation, we 
have, 

196 - 28y + y2 ^. y2 ^ iqO; 

from which we have, 

y2 — i4y = — 48. 

By completing the square, 

2/2 - 14y + 49 = 1 ; 

178. When may two simultaneoua equations of the second degree be 
aolved ? 
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and by extracting the square root, 

y - 'Z = ±Vi = + 1, and - 1; 
hence, y' = 7 + 1 = 8, and y" = */ — 1 = 6. 

IS we take the greater value, we find aj = 6 ; and if we 
take the lesser, we find a; = 8. 



. j a/ = 8, a" = 6. 
( y' = 6, y" =^ 8 



VBRIFICATION. 

For the greater value, y = 8, the equation, 

X -{- y =z 14, gives 6 + 8 = 14 ; 
and, ofi -{- y^ =z 100, gives 36 + 64 = 100. 
For the value y = 65 the equation, 

aj + y = 14, gives 8 + 6 = 14 ; 
and, a^ + y^ =z 100, gives 64 + 36 = 100. 
Hence, both sets of values satisfy the given equation. 

2. Given i , « ~" . ^ f to find x and y. 
( a;^ — y2 = 45 ) . ^ 

Transposing y in the first equation, we have, 
aj = 3 + y; 
then, squaring both members, 

a? = 9 + 6y + y2. 

Substituting this value for x\ in the second equation, we 
have, 

9 + 6y + y2 - y3 = 45 ; 

whence, we have, 

6y = 86, and y =3= 6. 
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Substituting this value of y, in the first equation, we havei 
05 — 6 = 3, 
and, consequently, a;' = 3 + 6 = 9. 

< VERIFICATION'. 

SB — y = 8, gives 9— 6 = 8; 
and, aj2— y^ -. 45^ gives 81 — 36 = 45. 

Solve the following simultaneous equations : 

^- I i+ y« = 117 [ ^^'' I y' = 6,' y"= - 9! 

(a5 + y = 9 ) >f^, j^'=^' "= ^• 

^'^ 1 aj^- 2ay + y2 = 1 f ^"^^^ ( / = 4, y''= 4. 

(a5-y = 5 1 

• "i a5»+ 2ajy + y2 = 225 f 

^^'- j y' = 5, y"= - 10. 



SECOND. 



174. Two simitltaneoics equations of the second degree^ 
which are homogeneous with respect to the unknown quan- 
tity^ can always he solved. 



EXAMPLES. 



1 rwor, Ja'+3a;y = 22 ' (l.) 

1. driven |^+-3a^ + 2y2 = 40 (2.) 

to find X and y. 

174. When may two dmaltaueous equations of the second degree be 
solved ? 
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Assume x = ty^ t being any auxiliary unknown quantity. 
Substituting this value of a; in Equations ( 1 ) and ( 2 ), 
we have, 

22 
t^y^+Zty^ = 22, .-. y^ = :^^fYr ^^'^ 

40 
eV + 3«y2 + 2y2 =40, .'. y^= ____; (4.) 

, 22 40 

hence. 



t^ + 3t P+ dt + 2' 
hence, 22^2 ^ qq^ + 44 = 40^^ + igO^; 

22 
reducing, ^ + dt = — ; 

2 11 
whence, «' = -, and t"=z —• 

3 3 

Substituting either of these values in Equations (3) or 
( 4 ), we find, 

y' = + 3, and y" = - 3 

Substituting the plus value of y, in Equation ( 1 ), we 

have, 

a;2 + 905 = 22 ; 
from which we find, 

a' = + 2, and a" = — 11. 

If we take the negative value, 2;" = — 3j we have, 
from Equation ( 1 ), 

x^ — 9x =z 22; 
from which we find, 

35' = + 11, and a" = — 2. 

VERIFICATION. 

For the values y' = +3, and oj' = +2, the given 
equation, 

aj2 4- Sxy = 22, 
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gives, 22 +3x2x3 = 4-fl8 = 22; 

and for the second value, a" = -—11, the same equation, 

a;2 + ^xy = 22, 

gives, (— 11)24- 3 X — 11 X 3 == 121 - 99 = 22. 

li^ now, we take the second value of y, that is, y" = — 3, 
and the corresponding values of sc, viz., a' = +11, and 
ftj" = — 2; for a' = +11, the given equation, 

Qi? + Zocy r= 22, 
gives, IP + 3 X 11 X — 3 = 121 - 99 = 22; 
and for x" = — 2, the same equation, 

y? + Zxy = 22, 

gives, (- 2)2 + 3 X - 2 X - 3 = 4 + 18 = 22. 

The verifications could be made in the same way by em- 
ploying Equation ( 2 ). 

Note. — ^In equations similar to the above, we generally 
find-but a single pair of values, corresponding to the values 
in this equation, of y' = +3, and a;' = +2. 

The complete solution would give four pairs of values. 

\y^ - xy = -Q\ \y =z 9. 

• 1 ai^ + y» + Say = 71 f ^'^- 4 y = 1. 

11* 
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THIBD. — ^PAETTCULAE GASES. 

175. Many* Other equations of the second degree may be 
so transformed, as to be brought under the rules of solution 
already given* The seven following formulas will aid in 
such transformation. 

(1.) 
When the sum and difference are known: 

a + y = « 
05 — y = c?. 

Then, page 132, Example 3, 

8 + d 1,1, . s-d 1 1, 

X = = -5 H — a, and v = ■•- = -* — -oL 

2 2 2 ' ^ 2 2 2^ 

(a.) 

When the sum and product are known: 

x+ y == 8 ...... . (1.) 

xy z=z p ...... . (2.) 

a?+ 2xy + y^== «^ by squaring ( 1 ) ; 
4ajy = 4p, by mult. ( 2 ) by 4. 



But, 


»»- 


- 2xy + y^= «^ — 4p, by subtraction. 

05 — y = ± V«2 — 4jp, by ext. root. 

x + y = 81 

g 1 


hence 


ff 1 . ,.. 


and. 


y = -T2V«*-4^. 



175. What is the first formula of this article? What the Becondf 
Third? Fourth? Fifth? Sixtli ? Seyenth? 
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(3.) 

When the difference and product are known: 

05 - y = df (1.) 

^y ^ P (2.) 

85* — 2ay + 3/2 = ^^ by squaring ( 1 ) • 

4a^ = 4^, mult. ( 2 ) by 4. 

a? + 2icy + 2/2 = <?2 ^ 4jp, by adding. 

» + 2/ = ±* -/^^ + 4i> 
aj — 2/ = rf 



aj = ic? ± i V^M^. 
y == - i<? ± ^ V^H^. 
4.) 
When the sum of the squares and product are known . 
sb2 4-2/2= a. . (1.) ajy =jp .. (2.) .•.2aj2/ = 2p . . (3.) 

Adding (1) and (3), «« + 2ajj/ + y^ _ ^ + 2p; 
hence, a? + y = ih y7+ 2p (4.) 

Subtracting (3) from ( 1 ), aj^ — 2ajy + y^ = « --2p ; 
hence, aj — y = ± -/s — 2p (6.) 

Combining (4) and (6), aj = \^8 + 2p + ^^5 — 2/>, 
and, y = iV«"+^ — ^y"* — 2/?. 

(«.) 
When the sum and sum of the squares are known: 

aj + y = « ......( 1.) 

a;2 + y2 = 5' (2.) 

85* + 2ay + y2 = 5^ by squaring (1) 
2a!y = «2 _ 5/ 

ajj/ = — y- = 1>. (3.) 
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By putting xy = p, and combining Equations (1) and 
(3 ), by Formula ( 8 ), we find the values of x and y. 

(6.) 
When the sum and sum of the cubes are known : 

fic + y = 8 . . • . (1.) 

053+ y3 = 152 , . , , (2.) 

V? + Bx^y + Zxy^ + y^ = 512 by cubing ( 1 ). 

Sx^y + *Sxy^ = 360 by subtraction. 

3icy{x + y) z= 360 by factoring. 

8ajy(8) = 360 from Equa. ( 1 ). 
24xy = 360 

hence, xy = 15 ....(«.) 

Combining ( 1 ) and ( 3 ), we find a? = 5 and y = 3 

When we have an equation of the form, 

{x + yY + {x + y) =1 q. 
Let ns assume a; + y = 2. 
Then the given equation becomes, 

^ + z :=z q:, and 2j=--± ^q + -. 



x + y = -l±y^g + ^ 



1, Given 



EXAMPLES. 

- «^ (1) 



( a»= y2 (1)% 

•iven J.X +y +z — 1 ( 2 ) [■ to find a;, y, and ft 

( 9j» 4- y2 + g2 _ 21 (3)) 
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Transposing y in Equation ( 2 ), we have, 

05 + 2j = '3r — y; ... (4.) 

then, squaring the members, we have, 

a;2 -I- 2a» 4-22 = 49 — 14y + y^ 

If now we substitute for 2a», its value taken from Equa- 
tion ( 1 ), we have, 

a.2 4. 2y2 4- e2 := 49 — 14y + y2 . 

and cancelling y^^ in each member, there results, 
a^ + y^ + 2^ = 49 — 14 y. 

But, from Equation ( 3 ), we see that each member of the 
last equation is equal to 21 ; hence, 

49 — 14y = 21, 

and, 14y = 49 — 21 = 28 , 

28 
hence, * y = -7 = 2. 

Substituting this value of y in Equation (1 ), gives, 
a» = 4; 
and substitutmg it in Equation ( 4 ), gives, ^ 

05 + 2 = 6, or aj = 5— «. 

Substituting this value of a;, in the previous equation, we 

obtain 

62 — ^ =4, or «« .— 52 = — 4 ; 

<ind by completing the square, we have, 

a2 - 52 + 6.25 = 2.6, 

and, 2 — 2.5 = ±^275 = + 1.6, or — 1.6; 

I = 2.6 + 1.6 = 4, and « = + 2.6 — 1.6 == 1 
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2. Given x + V^ + y=19)^^- , 

and aj2 + scy + y2 = 133 ) ^ 

Dividing the second equation by the first, we have, 
X — v^ + y = 'ST 
but, 05 + V^ + y = 19 

hence, by addition, 2a5 4- 2y = 26 

or, aj + y = 13 

and substituting in 1st Equa., V^ + 13 = 19 
' or, by transposing, -y^ = 6 

and by squaring, ajy = 36. 

Equation 2d, is ' a? + ay + y' = 133 

and from the last, we" have, Zxy = 108 

Subtracting, oj^ — 2icy + y'^ = 25 

hence, a; — y = i 6 

but, a? + y = 13 

hence, as = 9 and 4; and y = 4 and 9. 



PROBLEMS. 

1. Find two numbers, such that their sum shall be 15 and 
the sum of their squares 113. 

Let X and y denote the numbers ; then, 

a; + y = 15, (1.) and a;^ + y2 = 113. (2.) 

From Equation ( 1 ), we have, • 

a;2 = 226 — 30y + y» 

Substituting this value in Equation ( 2 ), 

226 - 80y + y' -f y« = 118; 
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hence, 2y^ — 80y = — 112 ; 

y2 _ I6y = - 66, 

hence, y' = 8, and y" = 7. 

The first value of y being substituted in Equation ( 1 ), 
gives a;' = 7 ; and the second, aj" = 8. Hence, the num- 
bers are 7 and 8. 

2. To fiild two numbers, such that their product added to 
their sum shall be 17, and their sum taken from the sum of 
their squares shall leave 22. 

Let X and y denote the numbers; then, from the con- 
ditions, 

(aj + y) +ay = 17. ... (1.) 

aJ^ + y^- (aj + y) = 22. . . • (2.) 
Multiplying Equation ( 1 ) by 2, we have, 

2xy + 2(aj + y) = 84. ... (3.) 
Adding ( 2 ) and ( 3 ), we have, 

ai» + 2ajy + y2 + (35 + y) = 66; 

hence, {x + yY + (a? + y) = 66. . . (4.) 

Regarding {x ■\- y) as a Eongle Tinknown quantity (page 
248), 

a, + ' = -\± sJ^Q + l = t. 

Substituting this value in Equation ( 1 ), we have, 

7 + ajy = 17, and y z=z b. 
Hence, the numbers are 2 and 6. 

3. What two numbers are those whose sum is 8, and sum 
of th^r squares 34 ? Ans. 6 and 3. 
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4. It is required to find two such numbers, that the first 
ahall be to the second as the second is to 16, and the sum oi 
whose squares shall be 225 ? Ans. 9 and 12, 

6. What two numbers are those which are to each other 
as 3 to 5, and whose squares added together make 1666 ? 

Ans. 21 and 35. 

6. Thete are two numbers whose difference is 7, and half 
their product plus 30 is equal to the square of the less 
number: what are the numbers? Ans. 12 and 19. 

*I. What two numbers are those whose sum is 5, and the 
sum of their cubes 35 ? Ans. 2 and 3. 

8. What two numbers are those whose sum is to the 
greater as 11 to 7, and the difference of whose squares is 
132 ? Ans. 14 and 8. 

9. Divide the number 100 into two such parts, that the 
product may be to the sum of their squares as 6 to 13. 

Ans. 40 and 60. 

10. Two persons, A and J?, departed firom different places 
at the same time, and traveled towards each other. On 
meeting, it appeared that A had traveled 18 miles more 
than JB ; and that A could have gone 3^s journey in 15| 
days, but -B would have been 28 days in performing A*s 
journey : how far did each travel ? . J ^) ^2 miles. 



•■{i: 



Ans. i -r^ ^. ., 

54 miles. 

11. There are two numbers whose difference is 16, and 
half their product is equal to the cube of the lesser number: 
what are those numbers ? Ans. 3 and 18. 

12. What two numbers are those whoso sum, multiplied 
by the greater, is equal to 11 ; and whose difference, multi- 
plied by the less, is equal to 12 ? 

Ans. 4 and 7, or f V^ and V \/2, 
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13. Divide 100 into two such parts, that the sum of their 
uquare roots may be 14. Ans, 64 and 36. 

14. It is required to divide the number 24 into two such 
parts, that their product may be equal to 35 times their dif- 
ference. Ans. 10 and 14. 

15. The sum of two numbers is 8, and the sum of their 
cubes is 152 : what are the numbers ? Ans. 3 and 5. 

16. Two merchants each sold the same kind of stuff; the 
second sold 3 yards more of it than the first, and together 
they receive 35 dollars. The first said to the second, " I 
would have received 24 dollars for your stuff;" the other 
replied, "And I should have received 12 J dollars for yours :" 
how many yards did each of them sell ? 

. J 1st merchant a' = 15, a;" = 5. 

^"*- i 2d " , y' = 18, °'' y" = 8. 

17. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest in such a manner 
that the' incomes from them were equal. If she had put out 
the first portion at the same rate as the secpnd, she would 
have drawn for this part 360 dollars interest ; and if she 
had placed the second out at the same rate as the first, she 
would have drawn for it 490 dollars interest: what were 
the two rates of interest ? Ans, 1 and 6 per cent. 

18. Find three numbers, such that the difference between 
the third and second shall exceed the difference between the 
second and first by 6 ; that the sum of the numbers shall be 
83, and the sum of their squares 467. 

Ans, 5, 9, and 19. 

19. What number is that which, being divided by the 
product of its two digits, the quotient will be 3 ; and if 18 
be added to it, the resulting number will be expressed by 
the digits inverted ? Ans. 24, 



26S 
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20. What two numbers are those which are to each other 
u m to n, and the sum of whose squares is d ? 

tnyb nyb 



Ana, 



•\/mM- ^^' 'v/m^+ n* 



21. What two numbers are those which are to each other 
as m to n, and the difference of whose squares is 6 ? 

m^/b n-)/}) 



Ans. 



V^m^ — n^ 



,2 — n2 



22. Required to find three numbers, such that the product 
of the first and second shall be equal to 2 ; the product of 
the first and third equal to 4, and the sum of the squares 
of the second and third equal to 20. Ans. 1, 2, and 4. 

23. It is required to find three numbers, whose sum shall 
be 38, the sum of their squares 634, and the differe'hce 
between the second and first greater by 7 than the difference 
between the third and second. Ans. 3, 15, and 20. 

24. Required to find three numbers, such that the product 
of the first and second shall be equal to a ; the product of 
the first and third equal to b ; and the sum of the squares 
of the second and third equal to c. 



Ans. 



X 



"" V a^ + 52 



26. What two numbers are those, whose sum, multiplied 
by the greater, gives 144 ; and whose difference, multiplied 
Ijy the less, gives 14 ? Ans. 9 and 1. 
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CHAPTER IX, 

OP PROPORTIONS AND PROGRESSIONS. | 

176. Two quantities of the same kind may be compared, 
the one with the other, in two w^ays : 

1st. By considering how much one is greater or less than 
the other, which is shown by their difference ; and, 

2d. By considering how many times one is greater or less 
than the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3, by 9; 
and in compaiing them together with respect to their quo- 
tient, we find that 12 contains 3, four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arith- 
tnetical Proportion^ and the second. Geometrical Propor- 
tion. 

Hence, Arithmetical Proportion considers the relation of 
quantities with respect to their difference^ and Geometrical 
Proportion the relation of quantities with respect to their 
quotient. 

176. In how many ways may two quantities be compared the one with 
the other? What does the first method consider? What the second? 
What is the first of these methods called? What is the second called? 
How then do yon define the two proportions? 
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OP AEITIIMETICAL PROPORTION AND PROGRESSION. 

177. K we have four numbers, 2, 4, 8, and 10, of which 
the difference between the first and second is equal to 
the difference between the third and fourth, these numbers 
are said to be in arithmetical proportion. The first tenn 2 
is called an antecedent^ and the second term 4, with which 
it is compared, a consequent. The number 8 is also called 
an antecedent, and the number 10, with which it is com- 
pared, a consequent. 

When the difference between the first and second is equal 
to the difference between the third and fourth, the four 
numbers are said to be in proportion. Thus, the numbers, 
2, 4, 8, 10, 

are in arithmetical proportion. 

178. When the difference between the first antecedent 
and consequent is the same as between any two consecutive 
terms of the proportion, the proportion is called an arithr 
metical progression. Hence, a progression hy differences^ 
or an arithmetical progression^ is a series in which the suc- 
cessive terms are continually increased or decreased by a 
constant number, which is called the common difference of 
the progression. 

Thus, in the two series, 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 66, 52, 48, 44, 40, 36, 32, 28, . . . 

177. When are four numbers in arithmetical proportion? What is the 
first called? What is the second called? What is the third called? 
What is the fourth called ? 

1*78. What is an arithmetical progression ? What is the number called 
by which the terms are increased or diminished ? What is an increasing 
progression ? What is a decreasing progrefisioaf Which term is only 
an antecedent ? Which only a consequent ? 
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the first is called an increccsing progression^ of which the 
common difference is 3, and the second, a decreasing pro- 
gression^ of which the common difference is 4. 

In general, let a, 5, c, eZ, e, /, ... denote the terms of 
a progression by differences; it has been agreed to write 
them thus : 

a,h,c,d,e.f*g,h.i,k,,. 

This series is read, a is to ^, as b is to c, as c is to d^ as d 
is to e, &Q, This is a series of continued equi-differences^ in 
which each term is at the same time an antecedent and a 
consequent, with the exception of the first term, which is 
only an a7it€cedent^ and the last, which is only a consequent, 

/ 
179. Let d denote the common difference of the pro- 

gresion, 

a . b . c . e . f , g . h. &c., 

which we will consider increasing. 

From the definition of the progression, it evidently fol 
lows that, 

ftma + e?, c = b + d z= a + 2d^ e = c + d=a + Sd; 

and, in general, any term of the series is equal to the first 
term^ plus as many times the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it ; the expression for this general term is, 

I = a + {n — l)d. 

Hence, for finding the last term, we have the foUo^ving 

179. Give the rule for finding the last term of a series when the pro- 
gTMsion is increasing. 
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BULB. 

L Multiply the common difference by the mimber of 
terms less one: 

n. To the product add the first term ; the sum wiU be 
the last term. 

BXAMPLBS. 

The formula, 

Z = a + (n — \)dy 

Berves to find any term whatever, without determining all 
those which precede it. 

1. If we make n = 1, we have, I z=z a\ that is, the 
series willliave but one term. ^ 

2. If we make n = 2, we have, / = a + J; that is, 
the series will have two terms, and the second term is equal 
to the first, plus the common difference. 

8. K a = 8, and J = 2, what is the 3d term? 

Ans. 7, 

4. If a = 5, and rf = 4, what is the 6th term? 

Ans. 25. 

6. If a = 7, and c? = 6, what is the 9th term? 

Ans, 47. 

6. If a = 8, and c? = 6, what is the 10th term? 

A71S. 53. 

7. If a = 20, and rf = 4, what is the 12th term? 

Ans. 64. 

8. If a = 40, and d = 20, what is the 50th term ? 

Ans. 1020. 

« If a = 46, and d = 30, what is the 40th term? 

Ans. 1215. 
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10. If a = 30, and d = 20, what is the 60th term? 

Ans. 1210. 

11. If a = 60, and d = 10, what is the 100th term? 

Ana. 1040. 

12. To find the 50th tenn of the progression, 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . . 
We have, /=l + 49x3 = 148. 

13. To find the 60th term of the progresilon, 
1 . 6 . 9 . 13 . 17 . 21 . 25 . . . 
we have, /=l + 59x4 = 237. 

180. If the progression were a decreasing one, we 
shonld have, 

^ I = a — (n — l)d. 

Hence, to find the last term of a decreasing progression, we 
have the following 

BTJLE. 

I. Multiply the common difference hy the number of terms 
less one : 

U. Subtract the product from the first term; the re- 
mainder will be the last term. • 

EXAMPJ.BS. 

1. The first term of a decreasing progression is 60, the 
number of terms 20, and the common difference 3 : what is 
the last term ? 

l = a-{n — l)d, gives ;= 60- (20— 1)3 = 60-57 = 3. 

ISO. Give the rule for finding the last term of a series, when the pro* 
gretsion is decreasing. 
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2. The first term is 90, the common difference 4, and the 
number of tefms 15 : what is the last term ? Ans, 34. 

3. The first term is 100, the number of terms 40, and the 
common difference 2 : what is the last term ? A7is, 22. 

4. The first term is 80, the number of tenns 10, and the 
common difference 4 : what is the last term ? Ans. 44. 

6. The first term is 600, the number of terms 100, and 
the common difference 6 : what is the last term ? 

• Ans. 105. 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term ? 

^ Ans. 402. 

181. A progression by differences being given, it is pro- 
posed to prove that, the sum of any two terms^ taken at 
equal distances from the two extremes^ is equal to the sum 
of the two extremes. 

That is, if we have the progression, 

2 . 4 . 6 . 8 . 10 . 12, 
we wish to prove generally, that, 

4 + 10, or 6 + 8, 
is equal to the sum of the two extremes, 2 and 12. 

Let a . h . c . e . f . . . i . k . l^ be the proposed 
progression, and n the number of terms. 

We will first observe that, if «; denotes a term which has 
p terms before it, and y a term which has p terms after it, 
we have, from what has been said, 

181. In every progression by differences, what is the sum of the two 
extremes equal to? What is the rule for finding the sum of an arith 
metioal series ? 
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aj = a + p X dj 
and, y = ^ —p X d; 

whence, by addition, x + y = a + ?, 
which proves the proposition. 

Referring to the previous example, if we suppose, in the 
first place, x to denote the second term 4, then y will de- 
note the term 10, next to the last. If x denotes the third 
term 6, then y will denote 8, the third* term from the last. 

To apply this principle in finding the sum of the terms 
of a progression, write the terms, as below, and then 
again, in an inverse order, viz. : 

a.b.c.d.e.f...i.k.l. 

V • K m % • ••••••••C.C/. (m» 

Calling 8 the sum of the terms of the first progression, 
28 will be the sum of the terms of both progressions, and 
we shall have, 

28=(a+T)-\-{b+h) + {c+i) . . . +ii+c)+{Jc+b)'\r{l+a). 

Now, since all the parts, a + l^b + k^c + i,.. are 
equal to each other, and their number equal to n, 

25 = (a + X n, or 8 = (^^^) X n. 

Hence, for finding the suni of an arithmetical series, we 
have the following 

BULE. 

I. Add the two extremes tog^h^r^ and take half their sum: 

TL Multiply this half-sum by the number of terms ; the 
prodteet win be the sum of the series, 
12 
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EXAMPLES. 

1. The extremes are 2 and 16, and the number of terms 
8 : what is the smn of the series ? 



/a + A . ^ 2 + 16 

= [—^) X w, gives S == — ^— X 8 = 



2. Tlie extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ? Ans. 180. 

3. The extremes are 4 and 20, and the nimiber of terms 
10 : what is the sum of the series? Ans. 120. 

4. The extremes are 100 and 200, and the number of 
termg 80 : what is the sum of the series ? Ans, 12000. 

6. The extremes are 500 and 60, and the number of terms 
20 : what is the sum of the series ? Ans. 6600- 

6. The extremes are 800 and 1200, and the number of 
terms 60 : what is the sum of the series ? Ans. 50000. 

183. In arithmetical proportion there are five members 
to be considered : 

1st. The first term, a. 

2d. The common difference, d, 

3d. The number of terms, n, 

4th. The last term, I. 

5th. The sum, S. 

The foimulas, 

I =. a+ {n-l)d, and S = (^^) X w, 

contain five quantities, a, e?, n, ^, and /S, and consequently 
give rise to the following general problem, viz. : Any three 

182. How many numbers are considered iii arithmetical proportion ? 
What are they ? In every arithmetical progression, what is the common 
difiference equal to ? 
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of these five quantities being given, to determine the other 
two. 

We already know the value of S m terms of a, n, and I. 
From the formula, 

/ = a + (n - l)d, 
we find, a = / — (n — l)d. 

That is : The firs^ term of an increasing arithmetical pro-' 
gression is equal to the last term, minus the product of the 
common difference hy the number of terms less one. 

From the same formula, we also find, 

, I — a 

d = -. 

n — 1 

That is : In any arithmetical progression, the common, dif 
ference is equal to the last term, minus the first term, divided 
by the number of terms less one. 

The last term is 16, the first term 4, and the number of 
terms 5 : what is the common difference ? 

if — a 



The formula, d = 



n— 1 



^ 16-4 
gives, d = — - — = 3. 

2. The last term is 22, the first term 4, and the number 
of terms 10 : what is the common difference? Ans. 2. 

1S3. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithmefical means between two 
given numbers a and b. 

183. How do you fiDd any number of arithmetical means between two 
l^ven numbers f 
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To resolve this question, it is first necessaiy to find the 
common difference. Now, we may regard (i as the first 
term of an arithmetical progression, h as the last term, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by m + 2. 

Now, by substituting in the above formula, h for l^ and 
m + 2 for n, it becomes, 

- h — a h — a ^ 

~ m -f 2 — 1 ~ m"Tl' 
that is : The common difference of the required progression 
is obtained by dividing the difference between the given, 
numbers^ a and b, by the required number of means plus one. 

Having obtained the common difference, c?, form the second 
terra of the progression, or the first arithmetical mean^ by 
adding d to the first term a. The second mean is obtained 
by augmenting the first mean by c?, &c. 



1. Find three arithmetical means 
2 and 18. 

The formula, d — -— , 

m -f- I 


between the extremes 


gives, d = 


18 - 
4 


2 _ 


4; 


hence, the progression is, 








2 . 6 


. 10 


. 14 . 


18, 


2. Find twelve arithmetical ] 


means 


between 12 and ?7. 


The formula, d 


_ b_ 


— a 

+ 1' 




gives, d = 


77 - 
13 


12 


= S; 


hence, the progression is, 








12 . 17 . 


22 . 


27 . , 


. .11. 
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184. Re^iark. — If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means united, will 
form one and the same progression. 

For, let a .h . c . e :f . . , be the proposed progression, 
and m the number of means to be inserted between a and 
by b and c, c and e . . . . &c. 

From what has just been said, the common difference of 
each partial progression will be expressed by 

b — a c — b e — c 
m + 1' m + 1' m + 1 "' 

expressions which are equal to each other, since a, 5, c . . • 
are in progi-ession ; therefore, the common difference is the 
same in each of the partial progressions ; and, since the last 
term of the first forms the Jirst term of the second, Ac, we 
may conclude, that all of these partial progressions form a 
angle progression. 

EXAMPLES. 

1. Find the sum of the first fifty terms of the progression 
2 . 9 . 16 . 23 . . . 

For the 50th tenn, we have, 

? = 2 + 49 X 7 = 345. 

50 
Hence, /S = (2 + 345) x ~ = 347 X 25 = 8675. 

2 

2. Find the 100th tenn of the series 2 . 9 . 10 . 23 

Ans. 695. 

3. Find the sum of 100 terms of the series 1.3.5.7. 
9. . . . Ans. 10000. 
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4. The greatest term is 70, the common difference 3, and 
the number of terms 21 : wha^ is the least term and the 
smn of the series ? 

Ans. Least term, 10 ; smn of series, 840. 

6, The first term is 4, the common difference 8, and the 
nmnber of terms 8 : what is the last term, and the sura of 
the series ? ^ Ans, j Last term, 60. 

t Sum = 256. 

6. The first term is 2, the last term 20, and the number 
of terms 10 : what is the conmion difference ? Ans. 2. 

7. Lisert four means between the two numbers 4 and 19 : 
what is the series ? Ans. 4 . 7 . 10 . 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progression 
is 10, the common difference one-third, and the number of 
terms 21 : required the sum of the series. Ans. 140. 

9. In a progression by differences, having given the com- 
mon difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ans. First term = 5 ; number of terms, 31. 

10. Find nine arithmetical means between each antecedent 
and consequent of the progression 2. 6. 8. 11. 14... 

Ans. Common diff., or d = 0.3. 

11. Find the number of men contained in a triangular 
battalion, the first rank containing one man, the second 2, 
the third 3, and so on to the w'*, which contains n. In other 
words, find the expression for the sum of the natural num- 
bers 1, 2, 3 ... , from 1 to 71 inclusively. 

Ans. S = ^^+i). 
2 

12. Find the sum of the n first terms of the progression 
of uneven numbers, 1.3.6.7.9,... Ans. S =r nK 
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13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards apart, how far will 
a person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone ? 

Ans. 11 miles, 840 yards. 



/ 
GEOMETRICAL PROPORTION AND PROGRESSION. 

185. Ratio is the quotient arising from dividing one 
quantity by another quantity of the same kind, regarded 
as a standard. Thus, if the numbers 3 and 6 have the same 
unit, the ratio of 3 to 6 will be expressed by 

\-- 

And m general, if -4 and JS-represent quantities of the same 
kind, the ratio of ^ to B will be expressed by 

B 
A' 

1§6. The character oc indicates that one quantity is 
proportional to another. Thus, 

A (X B, ' 
is read, A proportional to B, 

If there be four numbers, 

2, 4, 8, 16, 

having such values that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 

186. What is ratio ? What is the ratio of 3 to 6 ? Of 4 to 12 ? 

18C. What is proportion? How do you express that four uurnbers 
are in proportion ? What are the numbers callnd ? What are the first 
Slid fourth terms called ? What the second and third ? 
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0aid to form a proportion. And in general, if there be fb^r 
quantities, -4, B^ (7, and 2>, having such values that, 

B _ D 

A'" C 

then, A is said to have the same ratio to B that C has to 2>; 
or, the ratio of ^ to ^ is equal to the ratio of C to 2>. 
When four quantities have this relation to each other, com- 
pared together two and two^ they are said to form a geo- 
metrical proportion. 

To express that the ratio of -4 to ^ is equal to the ratio 
of (7 to -D, we write the quantities thus, 

A \ B \\ G : I); 

and read, -4 is to :B as (7 to 2>. 

The quantities which are compared, the one with the 
other, are called terms of the proportion. The first and last 
terms are called the two extremes, and the second and third 
terms, the two m^ans. Thus, A and I) are the extremes, 
and B and (7 the means. 

197. Of four terms of a proportion, the first and third 
are called the antecede^its, and the second and' fourth the 
consequents / and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and C are the antecedents, and B and JJ the con- 
sequents. 

188. Three quantities are in proportion, when the first 
has the same ratio to the second that the second has to the 

187. In four proportional quantities, what are the first and third called ? 
What the second and fourth ? 

188. When are three quantities proportional? What is the middle on# 
eaUed? 
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third ; and then the middle term is said to be a mean pro- 
poilional between the other two. For example, 

3 : 6 : : 6 : 12; 

and 6 is a mean proportional between 3 and 12. 

189. Fonr quantities are said to be in proportion by in^ 
version, or inversely, when the consequents are made the 
antecedents, and the antecedents the consequents. 

Thus, if we have the proportion, 

3 : 6 : : 8 : 16, 
the inverse proportion would be, 

6 : 3 : : 16 : 8. 

190. Quantities are said to be in proportion by ctUemcb' 
tion, or alternately, when antecedent is compared with ante* 
cedent, and consequent with consequent. 

Thus, if we have the proportion, 

3 : 6 : : 8 : 16, 

the alternate proportion would be, 

3 : 8 : : 6 : 16. 

191. Quantities are said to be in proportion by comp(h 
eition, when the suin of the antecedent and consequent is 
compared either with antecedent or consequent . 

Thus, if we have the proportion, " 

2 : 4 : : 8 : 16, 

189. When are quantities said to be in proportion by inversion, or io 
Tersely ? 

190. When are quantities in proportion by alternation? 
Idl. When are quantities in proportion by composition? 

12* 
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the proportion by composition would be, 

2 + 4 : 2 :: 8 + 16 : 8; 
and, 2 + 4 : 4 : : 8 + 16 : 16. 

192.^ Quantities are said to be in proportion by division^ 
when the difference of the antecedent and consequent is 
compared either with antecedent or consequent. 

Thus, if we have the proportion, 

3 : 9 : : 12 : 86, 
the proportion by division will be, 

9 — 3 : 3 :: 36 — 12 : 12; 
and, 9 — 3 : 9 : : 36 — 12 : 36; 

193. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-multiples will 
be 54 and 45 ; for, 

6 X 9 = 54, and 5x9 = 45. 

Also, m X A^ and m x jS, are equi-multiples of ^ and 
B, the common multiplier being m. 

194. Two quantities A and ^, which may change their 
values, are reciprocally or inversely/ proportiondl^ when one 
is proportional to unity divided by the other ^ and then their 
product remains constant. 

192. When are quantities in proportion by division f 

193. What are equi-multiples of two or more quantities f 

194. When are two quantities saSd to be reciprocally proportional t 
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We express this reciprocal or inverse relation thus, 

in -which A is said to be inversely proportional to J?. 

195. If we have the proportion, 

A : B i: (7 : i>, 

JS D 

we have, -^ = ^r? (Art. 186); 

and by clearing the equation of fractions, we have, 
BC = AD. 

That is : Of four proportional gruantities^ the product of 
the two extremes is eqical to the product of the two means. 

This general principle is apparent in the proportion be- 
tween the numbers, 

2 : 10 : : 12 : 60, 
which gives, 2 X 60 = 10 X 12 = 120. 

196. If four quantities, A^ J?, (7, 2>, are so related to 
each other, that 

Ax B =z B X Oj 

we shall also have, -j = -^ ; 

and hence, A : J6 : : O : B. 

That is : 7J^ the product of two quantities is. equal to the 
product of two other quantities, two of them may he made 
the extremes^ and the other two the means of a proportion. 

,196. If four quantities are proportional, what is the product of the two 
means equal to ? 

196. If the product of two quantities is equal to^e product of two 
^her quantities, may the four be placed in a proportion ? How ? 
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Thus, if we have, 

2X8 = 4X4, 
we also have, 

2 : 4 : : 4 : 8. 

19Y. Kwe have three proportional quantitiesi 
A \ B \\ B \ C^ 

V B C . 

we have, Z ~ 5^ 

hence, JB^ = AC. 

That is : If three quantities are proportional^ the square of 
the middle term is eqiud to the product of the two extremes, 

Thus^ if we have the proportion, 

3 : 6 : : 6 : 12, 
we shall also have, ^ 

6 X 6 = 6» = 3 X 12 = 86. 

19§. If we have, 

B J) 

A : B :: C : 2>, and consequently, -j = -?^ , 

multiply both members of the last equation by -^ , and 

we then obtain, 

_ ^ 
^ A^ B' 

and, hence, A : C :: B : JD. 

That is : If four quantifies are proportional, they wiU be 
in proportion by alternation, 

197. If three quantities are proportional, what is the product of the 
extremes equal to ? 

198. If four qufltntities are proportional, will they De in proportion bj 
alternation ? . 
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Let us take, as an example, 

10 : 15 : : 20 : 30, 

We shall have, by alternating the terms, 

10 : 20 : : 16 : 30. 

199. If we have, 

A : JB :: O : D, and A : JB : : E\ JJ 

we shall also have, 

2 = ^, and 3 =^; 

hence, 7^ = -t=?5 and C i B :: E i F. 

That is : If there are two sets of proportions having an an- 
tecedent and consequent in the one^ equcd to an antecedent 
and consequent of the other^ the remaining terms wiU be^ 
proportional. 
If we have the two proportions, 

2 : 6 : : 8 : 24, and 2 : 6 : : 10 : 30, 

we shall also have, 

8 : 24 : : 10 : 30. 

/ 200. If we have, 

B B 

A : B : : : B^ and consequently, -j- = ■^, 

we have, by dividing 1 by each member of the equation, 

A O 

-= = , and consequently, B : A :: B : 6. 

199. If yon hare two sets of proportions having an antecedent and con* 
sequent in each, equal ; what will follow f 

200. If four quantities are in proportion, will they be in proponfon 
when taken inversely ? 
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That is : Four proportional quantities wiU he in proportion^ 
when taken inveraely. 

To give an example in numbers, take the proportion, 

7 : 14 :: 8 : 16; 
then, the inverse proportion will be, 

14 . 7 : : 16 : 8, 
in which the ratio is one-half. 

201. The proportion, 

A\ B \\ C \ D, gives, Ay.D ^ By. C. 

To each member of the last equation add B X D. We 
shall then have, 

{A + B) X I) z= {G + D) X B\ 

and by separating the &,ctors, we obtain, 

A + B : B :i C + D \ D. 

I^ instead of adding, we subtract B x D from both 
members, we have, 

(^- J5) X 2> = (C7- 2>) X ^; 

which gives, 

A - B I B II C - J) : D. 

That is: If four quantities are proportional^ they vnU be 
in proportion by composition or division. 

Thus, if we have the proportion, 

9 : 27 : : 16 : 48, 

201. If four quantities are in proportion, will they be in proportion by 
composition? Will they be in proportion by diyision? What ia tho 
dilTerenoe between composition and division T 
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we shall have, by composition, 

+ 27 : 27 : : 16 + 48 : 48; 
that is, 36 : 27 : : 64 : 48, 

in which the ratio is three-fourths. 
The same proportion gives us, by division, 

27 - 9 : 27 :: 48 - 16 : 48; 
that is, 18 : 27 : : 32 : 48, 

in which the ratio is one and one-half. 

202. If we have, 

B _D 

and multiply the numerator and denominator of the first 
member by any number m, we obtain, 

— -. = -= , and mA : mB : : C \ D. 
mA G 

That is : Equal mulHjples of two quantities have the same 
ratio as ths quantities themsdves. 

For example, if we have the proportion, 

6 : 10 : : 12 : 24, . 

and multiply the first antecedent and consequent by 6, we 
have, 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 

203. The proportions, 

A : B :: C : B, and A : B : : E : E, 

202. Have equal multiples of two quantities the same ratio as the 
quantities ? 

203. Suppose the antecedent and consequent be augmented or dimin* 
ithed by quantities having the same ratio ? 
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give, AxjD = JSx C, and Ax F=z BxE\ 

adding and subtracting these equations, we obtain, 

A{I)±iF) z=. B{C:zzE\ or A . B :i C±E . D±F. 

That i&i If C and D, the antecedent and. consequent^ be 
augmented or diminished by quantities JE and Fy which 
have the same ratio as C to 2>, the resvUing quantities toiU 
also have the same ratio. 

Let us take, as an example, the proportion, 

9 : 18 : : 20 : 40, 

in which the ratio is 2. 

If we augment the antecedent and consequent by the 
numbers 15 and 30, which have the same ratio, we shall 
have, 

9 + 15 : 18 + 80 :: 20 : 40; 

that is, 24 : 48 : : 20 : 40, 

m which the ratio is' still 2. 

If we diminish the second antecedent and consequent by 
these numbers respectively, we have, 

9 : 18 • : 20 — 16 : 40 - 30 ; 
that is, 9 : 18 : : 5 : 10, 

in which the ratio is till 2. 

304. If we have several proportions, 
A : B :: C : B, which gives A x B = B X C^ 
A : B :: F: F, which gives A x F := B x F, 
A : B :: G \ H^ which gives A x H ^ B x O^ 
4&C., ifec, 

204. In any number of proportions having the same rado, hoir triU 
any one antecedent be to its consequent; ? 
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we shall have, by addition, 

AiD + F+ff) = £{0 + B+ GO; 
and by separating the factors, 

A : £ :: C + £J+ G : D + 1^+ S. 

That is: In any number of proportions having the same 
ratio^ any antecedent will be to its consjequent as the sum 
of the antecedents to the sum of the conseqicents. 

Let us take, for example, 

2 : 4 : : 6 : 12, and 1 : 2 : : 8 : 6, &o. 
Then 2:4::6 + 3:12 + 6; 

that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

305* If we have four proportional quantities, 

A : J3 :: C : Dy we have, -^ = y^; 

and raising both members to any power whose exponent u 
n, or extracting any root whose index is n^ we have, 

-j^ = y^ , and consequently, 

^« : jB" : : (7« : i>«. 

That is: J^ four quaiitities are proportional^ their like 
powers or roots wiU be proportional. 

If .we have, for example, 

2:4 : : 8 : 6, 

we shall have, 2^ : 4^ : : 3« : 6' ; 

200. In fbur proportional quantities) faow ar« like powerfl or ro6tif 
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that is, 4 : 16 : : 9 : 86, 

in which the terms are proportional, the ratio being 4. 

S66« Let there be two sets of proportions, 

A : B :: C \ Dy which gives J == "^> 

E I F \\ Q \ Hy which gives ;^ = ^' 

Multiply them together, member by member, we have, 

B X F __ D X H 
Ax E '^ C X G' 

A X E: JB X Fi: Ox O : D x S. 

That is : In two sets of proportional quantities^ the products 
of tJie corresponding terms are proportional. 

Thus, if we have the two proportions, 

8 : 16 : : 10 : 20, 

and, 8 : 4 : : 6 : 8, 

we shall have, 24 : 64 : : 60 : 160. 



GEOMETRICAL PEOGRESSION. 

aoy. We have thus far only considered the case in which 
the ratio of the first term to the second is the same as that 
of the third to the fourth. 

206. In two sets of proportions, how are the products of the correspond- 
ing terms ? 

20*7. What is a geometrical progression ? What is the ratio of the 
progression ? If any term of a progression be mnltiplied by the ratio, 
what will the product be ? If any term be divided by the ratio, what 
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If we have the farther condition, that the ratio of the 
second term to the third shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
Lave a series of numbers, each one of which, divided by 
the preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed, is called 
a geometrical progression. Hence, 

A Geometrical Progression^ ov progression by quotients^ 
is a series of terms, each of which is equal to the preceding 
term multiplied by a constant number^ which number is 
called the ratio of the progression. Thus, 

1 : .3 : 9 : 27 : 81 : 243, Ac, 

is a geometrical progression, in which the ratio is 3. It is 
wiitten by merely placing two dots between the terms. 

Also, 64 : 32 : 16 : 8 : 4 : 2 : 1, 

is a geometrical progression in which the ratio is one-half. 

In the first progression each term is contained three times 
in the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is' one-half. 

The first is called an increasing progression, and the 
second a decreasing progression. 

Let a, 5, c, c?, e, /, . . . be numbers, in a progression by^ 
quotients ; they are written thus : 

a : b : c : d : e : f : g . . . 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distino- 

will the quotient be ? How is a p'-ogression by quotients written ? Whicb 
of the terms is only an antecedent? Which only a consequent? Hoif 
may each of the others be considered ? 
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tion, that one is a series formed by equal differences, and 
the other a series formed by equal quotients or ratios. It 
should be remarked that each term is at the same time an 
antecedent and a consequent, except the first, which is only 
an antecedent, and the last, which is only a consequent. 

308. Let r denote the ratio of the progression, 

a : b : e : d . . , 

r being > 1 when the progression is increasing^ and r< 1 
when it is decreasiiig. Then, since, 

h c d e ^ 

a b c d 

we have, 

b ^ ar^ e = br r=z ar^ d = cr = ar^^ e ^ dr •= ar*^ 
/ z=^ er z= (xr^ . . . 

that is, the second term is equal to ar^ the third to ar^^ the 
fourth to ar^^ the fifth to ar*, &c. ; and in general, the wth 
term, that is, one which has n — 1 terms before it, is ex- 
pressed by ar^^^. 

Let I be this term • we then have the formula, 

/ I = 'ar^-\ 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

BULS. 

I. Baise the rdtio to a power whose exponent is one less 
than phe number of terms, 

II. Multiply the power thus found by the first term : the 
jyroduct will be the required term. 

208. By what letter do we denote the ratio of a progression ? In ao 
increasing progression is r greater or l^lHrthan If 16 4 decreasing pio* 
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BZAMPLES. 

1. Find the 5th term of the progression, 

2 : 4 : 8 : 16 . . . 
in which the first term is 2, and the common ratio 2. 
6th term = 2 X 2* = 2 x 16 = 32. Ana. 

2. Find the 8th teim of the progression, 

2 : 6 : 18 : 64 . . . 

8th term = 2 X 3' = 2 X 2187 = 4374. Ana. 

8. Find the 6th term of the progression, 
2 : 8 : 32 : 128 . . . 
6th term = 2 x 4« = 2 x 1024 = 2048. Am 

4. Find the 7th term of the progression, 

3 : 9 : 27 : 81 . . . 

/ 

7th term = 3 X 3« = 3 x 729 = 2187. Ana. 

5. Find the 6th term of the progression, 

4 : 12 : 36 : 108 . . . 
6th term = 4 X 3* = 4 x 243 = 972. Ana. 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on tho 
tenth day ? Ans. |5. 1 2, 

grcssion is r greater or less than 1 ? If a is the first term and r the 
ratio, what is the second terra equal to ? What the third ? What the 
fourth? What is the last term equal to? Give the rule for finding the 
last term. 
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7. What is the 8th term of the progression, 

9 : 36 : 144 : 576 . . . 
8th term = 9 X 4' = 9 X 16384 = 147456. Ana. 

8. Find the 12th term of the progression, 

64 : 16 : 4 : 1 : 7 . • . 
4 

. /2\ii 43 1 1 

12th term = 64^ = _ = _ = g^^. An,. 

209* We will now proceed to determine the sum of n 
terms of a progression, 

a : b : c : d : e : f : . . . : i : k : I; 

I denoting the nth term. 

We have the equations (Art. 208), 

b ^ arj c =zbr, d = cr^ « = dr, . . . A: = iV, I = kr^ 

and by adding them all together, member to member, vro 
deduce, 

Sum qf l9t m«m5«riL Sum €(f M m&mb^rt, 

b+C'\-d-\-e+ ... +k+lz={a + b + c + d+ . .. +i + k)r; 

in which we see that the first member contains all the terms 
but a, and the polynomial, within the parenthesis in the 
second member, contains all the terms but I. Hence, if wo 
call the sum of the terms JSy we have, 

S --a = (S-l)r =z Sr -Ir, .'. Sr - S = Ir - a; 

Ir — a 



whence, 8 = 



r — 1 



209. Gire the rule for finding the sum of the series. What is the first 
•Up r What the second f What the third f 
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Therefore, to obtain the sum of all the terms, or smn of the 
series of a geometrical progression, we have the 

BITLE. 

I. Multiply the last term by the ratio : 
EL Subtract the first term from the product : 
HE. Divide the remainder by the ratio diminished by 1 
and the quotient wiU be the sum of the series. 

1. Find the smn of eight terms of the progression, 

2 : 6 : 18 : 64 : 162 ... 2 X 3' = 4374. 

5 = ^ = H2^^ = 6560. 
r — 1 2 

2. Find the sum of the progression, 

2 : 4 : 8 : 16 : 32. 

S = 'L^ = ?if-2 = 62. 

r — 1 1 N 

8. Find the sum of ten terms of the progression, 

2 : 6 : 18 : 64 : 16^. ... 2 X 38 = 39366. 

Ans. 69048. 

4. What debt may be discharged in a year, or twelve 
months, by paying $1 the first month, $2 the sec ond month, 
$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment ? 

' Ans: \ ^^^*' • • *^^^^- 
( Last payment, $2048. 

6. A daughter was married on New-Tear's day. Her 
fe-ther gave her l5., with an agreement to double it on the 
first of the next month, and at the beginning of each succeed- 
ing month to double what she had previously received. How 
much did she receive? Ans. £204 16«. 
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6. A man bought ten bushels of wheat, on the condition 

that he should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel, and for the ten bushels ? 



. j Last bushel, (196 83. 
• 1 Total cost, $295 24. 



cost, 

7. -A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

- j Last, 140737488355328 bush. 
^' { Sum, 160842843834660. 

910. When the progression is decreasing, we have, 
r< 1, and ^< a; the above formula, 

r — 1 ' 
for the sum, is then written under the form, 

1 — r ' 
in order that the two terms of the fraction may be positive^ 

1. Find the sum of the terms of the progression, 
32 : 16 : 8 : 4 : 2 

- 82^ 2 X ^ „ • 

^jg a — Ir 2 31 

S = = ; = -— = 62. 

1 — r 1 1 

2 2 

210. What is the formula for the sum of the series of a decreasing 
yrogresiion r 
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2. Tini the suni of the first twelve terms of the pio- 
gression, 

1 /1\" 1 
64 : 16 : 4 : 1 : J : . . . : 64(j) , or. 



4 U/ ' 65536 



64--4:-: X^ 256- ^ 



-- a-'lr 65536 4 65536 ^^ . 66535 
S= = = = 86 4 



1 — r 3 ~" 3 — 196608 

4 

ail. Rebiark.— We perceive that the principal difficulty 
consists in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terms is not 
very great. 

3. Find the sum of six terms of the progression, 

612 : 128 : 32 . . • 

Ans. 682|. 

* 4. Fmd the sum of seven terms of the progression, 

2187 J 729 : 243 . . . 

Ana. 8279. 

0. Fmd the sum of dz terms of the progression, ' 

972 : 324 : 108 • • • 

Ana. 1456. 

- 6. Find the sum of eight terms of the progresdon, 

147456 : 36864 : 9216 . . . 

Ana. 196605. 

OF PBOGBBSSIOiNB HAVIKG AN INJfUSlTJfi HTHBEB OF TERMS. 

S19« Let there be the de(»*easing progression, 
a : b I : d : e : f : . . . 

212. When the progression is decreasing, and the number of terms in* 
flaite, what is the expression for the value of the sum of the series? 
13 
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oontaioing an indefinite nnmber of terms. In the formnlBi 
^ a- Ir 

'^ = r=7' 

substitute for I its value, ar*''^ (Art. 208), and we hare^ 

« a — at* 
1 — r ' 

which expresses the sum of n terms of the progresmon* 
This may be put under the form. 



1 — r 1 - r 
Now, since tkfi progression is decreasing, r is a proper 
fraction ; and r" is also a fraction, which diminishes as n 
increases. Therefore, the greater the number of terms we 

take, the more will r x r» diminish, and consequently, 

the more will the entire sum of all the terms approximate 
to an equality with the first part of S, that is, to ^ • 
Finally, when n is taken greater than any given number, 
or n = infinity, then ^ x r* will be less than any 
given number, or will become equal to ; and the expres- 
sion, , will then represent the true value of the sum 

of all the terms of the series. Whence we may conclude, 
that the expression for the sum of the terms of a decreasing 
progression^ in which the number of terms is infinite^ is^ 

1 — r' 
that is, equol to the first term^ divided by 1 minus the ratio. 
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This is, properly speaking, the limit to which the partial 
Buma approach, as we take a greater number of terms in the 

progression. The difference between these smns and , 

may be made as small as we please, bat will only become 
nothing when the nimiber of terms is infinite. 

BXAMPLSS. 

1. f^d the sum ot 

We have, &r the expression of the sum of the termSi 

^ = 1-37 = 771=^ = ^*- ^'''' 

3 

The error committed by t^bking this expression for the 
value of the sum of the n first terms, is expressed by 



a _ 8/l\» 

rzr;:x^= 2(3)- 



first take n = 5 ; it becomes, 

8/l\« 1 1 



2\3/ "* 2 . 3* "■ 162 

When n = 6, we find, 

3/iy _ J_ 1 1_ 

2\3/ ■" 162 ^ 3 ~ 486' 



Hence, we see, that the error committed by taking - for 
the sum of a certain number of terms, is less in proportion 
M this number is greats. 
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2. Again, take the progression, 

, 1 1 1 1 ^ JB. 

^ • 2 • 4 • 8 • 16 • 32 • ***• • • * 
We tave, 8 = ; = r = 2. Ant, 

3. What is the sum of the progression, 

^' ^' iJo' 1^' loSoo' Ac, to infinity. 

/3 = ; = = 1-- Am. 

1 — r 1 _ _L ^ 

10 

913. In the several questions of geometrical progres- 
non, there are five numbers to be considered : 

1st. The first teim, . . a. 
2d. The ratio, . . . . r. 
8d. The number of terms, n, 
4th. The last term, . . I. 
5th. The sum of the terms, 8. 

914. We shall terminate this subject by solying this 
problem: 

To find a mean proportional between any two nnmbersy 
as m and n. 

Denote the required mean by «. We shall then have 
(Art. 197), 

fl^ = m X n; 



and hence, a; = -/m x n. 



213. How many numbers are considered in a geometrical progreoloaf 
What are they? 
ai4. How do yon find a mean proportional between two nnmbeMf 
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That is : Multiply the two numbers together^ and extract th^ 
$quare root of the product. 

1. What is the geometrical mean between tho numbers 
2 and 8 ? 

Mean = -v/S x 2 = y^ = ^« ^^* 

2. What is the mean between 4 and 16 ? Ans. 8. 

3. What is the mean between 3 and 21 ? Ans. 9. 

4. What is the mean between 2 and 72 ? Ans. 12. 

5. What is the mean between 4 and 64 ? Ans. 16. 

therefore, |40 satisfies the enunciation. 
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CHAPTER X. 

OF LOGABITHMS. 

915m The natur© and properties of the logarithms in 
common use, will be readily understood by considering 
attentively the different powers of the number 10. They 
are, 

W = 1 

10* = 10 

10* = 100 
. 103 == 1000 

10* = 10000 

10* = lOOOOt 

&c., &c. 

It is plain that the exponents 0, 1, 2, 3, 4, 5, ifcc, form an 
arithmetical series of which the common difference is 1 ; and 
that the numbers 1, 10, 100, 1000, 10000, 100000, &c., form 
a geometrical progression of which the common ratio -is 10. 
The number 10 is called the base of the system of logarithms ; 
and the exponents 0, 1, 2, 3, 4, 5, &c., are the logarithms of 

215. What relation exists between the exponents 1, 2, S, &c.? How 
are the corresponding numbers 10, 100, 1000? What is the common 
difference of the exponents ? What is the common ratio of the corre- 
sponding numbers ? What is the base of the common system of loga- 
rithms ? What are the exponents ? Of what number is th« •xponeat 1 
tht logarithm ? The •xponent 2? Th« exponent 8 ? 
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the numbers which are produced by raisiug 10 to the powers 
denoted by those exponents. 

216. If ^ye denote the logarithm of any number by m, 
then the number itself will be the mth power of 10 ; that is, 
if we represent the corresponding number by ilf, 

lO"* = M. 

Thus, if we make m = 0, JIf will be equal to 1 ; if m = 1, 
. Jf will be equal to 10, &c. Hence, 

TJie logarithm of a number is the eoeponent of th^ power 
to which it is necessary to raise the base of the system in 
order toprodicce the number. 

317. I^ as before, 10 denotes the base of the system 
of logarithms, m any exponent, and M the corresponding 
number, we shall then have, 

10"» = M, (1.) 

in which m is the logarithm of M, 

If we take a second exponent n, and let N denote the 
corresponding number, we shall have, 

10» = N, (2.) 

in which n is the logarithm of If. 

Jf, now, we multiply the first of these equatiwis by the 
second, member by member, we have, 

lO^ X 10» = 10^+» = M X N; 

but since 10 is the base of the system, m -h n is the loga- 
rithm M X N\ hence, 

216. If we denote the base of a system by 10, and the exponent by 
m, what will represent the corresponding number? What is the logarithm 
of a number ? 

217. To what is the sum of the logarithms of any two numbers equal f 
To what, then, will the addition of logarithms correspond ? 
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The sum of the logarithms of any two numbers is equid 
to the logarithm of their product. 

Therefore, the addition of logarithms corresponds to the 
multiplication of their numbers. 

21§. If we divide Equation ( 1 ) by Equation ( 2 ), mem- 
ber by member, we have, 

10- _ _ _^_^ _ M 
— _ 10 - ^; 

but since 10 ia the base of the system, m — n is the loga- 
rithm of -j^; hence. 

If one number be divided by another^ the logarithm of 
the quotient wiU be equal to the logarithm of the dividend^ 
diminished by that of the divisor. 

Therefore, the subtraction of logarithms corresponds to 
the division of their numbers, 

919. Let us examine fiirther the equfttiona, 

10° =- 1 

10> = 10 

10' = 100 

103 _ 1000 

ifec, &c, 

.It is plain that the logarithm of 1 is 0, and that the loga- 
rithm of any number between 1 and 10, is greater than 



218. If one number be dmded by another, what will the logarithm 
of the quotient be equal to ? To what, then, will the subtraction of loga- 
rithms correspond ? . 

219. What is the logarithm of 1 ? Between what limits are the loga- 
rithms of aU n\^bers between 1 ieind 10? How are.th^ geaerallj as* 

|]MSBtdf 
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and less than 1. The logarithm is generally expressed by 
decimal £i'actions ; thus, 

log 2 = 0.301030. 

The logarithm of any nmnber greater than 10 and less 
than 100, is greater than 1 and less than 2, and is expressed 
by 1 and a decimal fraction ; thus, 

log 60 = 1.698970. 

The part of the logarithm -which stands at the left of the 
decimal point, is called the characteristic of the logarithm. 
The characteristic is always one less than the number of 
places of figures in the number whose logarithm is taken. 

Thus, in the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 



TABLE OP LOGAKITHMS. 

220. A table of logarithms is a table in which are writ- 
ten the logarithms of all numbers between 1 and some other 
^ven number. A table showing the logarithms of the 
numbers between 1 and 100 is annexed. The numbers are 
written in the column designated by the letter N, and the 
logarithms in the column designated by Log. 



How is it with the logarithms of numbers between 10 and 100? What 
in that part of the logarithm called which stands at the left of the char* 
acteristic? What is the ralue of the characteristic? 

220. What is a table of logarithms ? Explain the manner of finding 
the logarithms of numbers between 1 and 100 ? 
13* 
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TABLE. 



pr 

1 


tog. 


■iq 


Log. 


TT" 


Log. 


pr 


Log. 


0.000000 


26 


1.414973 


51 


1.707670 


76 


1.880814 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1.892096 


4 


0.602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 


5 


0.698970 


30 


1.477121 


55 


1.740363 


80 


1.903090 


"6 


0.778151 


31 


1.491362 


56 


1.748188 


81 


1.908485 


7 


0.845098 


32 


1.505150 


57 


1.755875 


82 


1.913814 


8 


0.903090 


33 


1.518514 


58 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.631479 


59 


1.770852 


84 


1.924279 


10 


1.000000 


35 


1.544068 


60 


1.778151 


85 


1.929419 


11 


1.041393 


36 


1.556303 


61 


1.785330 


86 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


1.591065 


64 


1.806180 


89 


1.949390 


15 


1.176091 


40 


1.602060 


65 


1.812913 


90 


1.954243 


16 


1.204120 


41 


1.621784 


66 


1.819544 


91 


1.959041 


17 


1.230449 


42 


1.623249 


67 


1.826075 


92 


1.963788 


18 


1.255273 


43 


1.633468 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453. 


69 


1.838849 


94 


1.973128 


20 


1.301030 


45 


1.653213 


70 


1.846098 


95 


1.977724 


21' 


1.322219 


46 


1.662758 


7l 


1.851258 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.995635 


25 


1.397940 


50 


1.698970 


75 


1.876061 


100 


2.000000 



EXAMPLES. 



1. Let it be reqmred to multiply 8 by 9, by means of 
logarithms. We have seen, Art. 216, that the sum of the 
logarithms is equal to the logarithm of the product. There- 
fore, find the logarithm of 8 from the table, which is 0.903090, 
and then the logarithm of 9, which is 0.954243 ; and their 
sum, which is 1.85 733 3, will be the logarithm of the product. 
In searching along in the table, we find that 72 stands oppo- 
site this logarithm ; *hence, 72 is the product of 8 by 9. 
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«. What is the product of 7 by 12? 

Logarithm of 7 is, . . . . 0.845098 
Logarithm of 12 is, . . . . 1.079181 

Logarithm of their product, . . 1.924279 
and the corresponding number is 84. ' J 

8. What is the product of 9 by 11 ? 

Logarithm of 9 is, . . . . 0.954248 
Logarithm of 11 is, . . . . 1.041393 

Logarithm of their product, . . 1.996636 

and the corresponding number is 99. 

4. Let it be required to divide 84 by 3, We have seen 
in Art. 218, that the subtraction of Logarithms corresponds 
to the division of their numbers. Hence, if we find the 
logarithm of 84, and then subtract from it the logarithm of 
8, the remainder will be the logarithm of the quotient. 

The logarithm of 84 is, . . . 1.924279 

The logarithm of 3 is, . . . 0.477121 

Their difference is, ' . . . . 1.447158 
and the corresponding number is 28. 

5. What is the product of 6 by 7 ? 

Logarithm of 6 is, • . . . 0.778151 
Logarithm of 7 is, . . . . 0.845098 

Their sum is, 1.623249 

and the corresponding number of the table, 42. 



BATIOHAL SEEIES QT 6TAKDAED SCHOOL-BOOKS 



D AVIE S' 

Complete Course of Mathematics. 

Hlementavs Couvse* 

DAVIES' PRIMARY ARITHMETIC AND TABLE-BOOK 

DA VIES' FIRST LESSONS IN ARITHMETIC 

DAVIKS' INTELLECTUAL ARITHMETIC 

DAVIES' NEW SCHOOL ARITHMETIC 

KEY TO DAVIES' NEW SCHOOL ARITHMETIC 

DAVIES' NEW UNIVERSITY ARITHMETIC 

KEY TO DAVIES' NEW UNIVERSITY ARITHMETIC 

DAVIES' GRAMMA*:: OF ARITHMETIC 

DAVIES' NEW ELEMENTARY ALGEBRA 

KEY TO DAVIES' NEW ELEMENTARY ALGEBRA 

DAVIES' ELEMENTARY GEOMETRY AND TRIGONOMETRY..:. 
DAVIES' PRACTICAL MATHEMATICS ._. 

^Hbanceti Course. 

DAVIES' UNIVERSITY ALGEBRA 

KEY TO DAVIES' UNIVERSITY ALGEBRA 

DAVIES' BOURDON'S ALGEBRA 

KEY TO DAVIES' BOURDONS ALGEBRA 

DAVIES' LEGENDRES GEOMETRY 

DAVIES' ELEMENTS OF SURVEYING 

DAVIES' ANALYTICAL GEOMETRY 

DAVIES' DIFFERENTIAL AND INTEGRAL CALCULUS 

DAVIES' ANALYT.ICAL GEOMETRY AND CALCULUS 

DAVIES' DESCRIPTIVE GEOMETRY 

DAVIES' SHADES, SHADOWS, AND PERSPECTIVE 

DAVIES' LOGIC OF MATHEMATICS : 

DAVIES' MATHEMATICAL DICTIONARY 

Dayus' Matbrm ATIOA.L Cu ART (Sheet) 

This Series, combining all that is most vahiable in the various methods of European 
instruction. Improved and matured by the sutrgestioiis of nearly forty years' experience, 
now forms the only complete consecutive^VMrAtf of Mdifufnatias. Its inethodsi 
harmonizing as the work o4'on<* min<l, carry the student onward \'y the same Hi<al«>git)i 
and the same laws of association, and are calculated to {iii|iart a coiMjtrelH'n>ivr knowl* 
•dge of tlie science, combining elearnej^s in the several branciifs. an«l unity and propor- 
tton in the whole. The higher IJooks — in connection wiih Pro/. Churcli'H Calculin 
and Analytical 6*'om«try—Me the Text-lmoks in the Military Academies of the 
United States. The Superintendents of Public Insiruction in very many Statea 
have oflScially recommended tiiit» Series. It i> adopted and in successful use ia the 
Normal Schools of New Vovk, Michigan. Connecticut, and other States, and in • 
ilJ-ge proporti::"! of the best Schools. Academii'S, and Colleges of the Uidon. The 
Revise«l Editions of the Ahtiimetics embody all the latest fuid most a]>proved pro- 
B of imparting a knowledge of the science x)f numbers. 



i. S. Barnvs ds BuBR have the pleasure of announcing an entisklt Nkw Wor»» 
by Professor Davibb, entitled 

ELEW[ENTS OF ANALYTICAL GEOMETRY. AND OF THT! TTPFEH 
ENTIAL AND INTt:GRAL f^AL^^TTLTJS —forming a com pen d of the tir 
larger volumes by Prof. Davies on the respective liranohes trealcil of. It 
complete in itself, and contains all thai is nt>ccssary for the general student. 

Alao recently issued — 

NEV^ ELEMENTARY ALGEBRA, 

(TNIVEBSITY ALGEBRA, 

Forming, witix the Author's Bourdon's Algebra, a complete and oonMeatlra 

•MUM. 

^ A. S. BARNES & BURR, Publisher, 

61 and 53 John Street. New York- 



BATJOHAL SER IES OF STAMDAB D BOHOOL-BOOZa 

PARKER & WATSON'S READING SERIES. 

rSE KATIONAL ELEUElirrABT SFELI^ER. 

EEE NATIONAL FBONOTTNCING SPELLER. 188 pages. 

A full treatise, with words arranged and olaasifled according to tbelr Towtf 
sounds, and reading and dictaUon exerolsea. 

tHE NATIONAL SCHOOL PBIUSB; or, '* PRIMART WORO-BUILDXB.** 

(Beautifully Illustrated) 

fHR NATIONAL FIRST READER; or, "WORD-BUILDER.'* 
(BeautlAilly Illustrated) 118 paget. 

fHE NATIONAL SECOND READER 224 pagei. 

Ocntaining Prinmry Exercises in Articulation, Pronunciatioii, ind Panohiatic% 
(Splendidly Illustrated.) 

THE NATIONAL THIRD READER 288 pt^ea. 

Containing Exercises in Accent, Emphasis, PanetnatioD, Sec (Illustrated.) 
THE NATIONAL FOURTH READER 405 pages. 

Containing a (Jourse of Instruction in Elocution, Exercises in Beading. Declama- 
tion, Ac., 

THE NATIONAL FIFTH READER 600 pages. 

With oripious Notes, and BiogrApbical Sketches of each Writer. 



These Bkadkks have been prepared with the greatest care and laber, by Richaro 
Gt Pabkkr, a. M., of Boston, and J. MiiDisoN Watson, an experienced Teacher d 
New York. No amount of .*Hbor or expense has been spared to render theui as neai 
perfect as possible. The Illustrations, which are from original designs, and tbi 
Typc^aphy, are unrivalled by any similar works. 

The First Header, or " "Word-Euilder," being the first issued, is alreadj 
in extensive use. It is on a plan entirely new and original, commencing with toordt 
o/o*is letter^ an<] building up letter by letter, until sentences are formed. 

The Second, Third, and Fourth Headers follow the same inductivi 
plan, with a perfect and systematic gradation, and a strict claasifieation of subjects 
The pronunciation and definition of difficult words are given in notes at the bottom 
of each page. Mnch attention has been paid to Articulation and Orthoepy; anr 
Exercises on the Elementary Bounds and their combinations have been so introdncea 
ss to teach but one element at a time, and to apply this knowledge to immediate us«i| 
until the whole is accurately and thoroughly acquired. 

The Fifth Header is a fUll work upon Reading and Elocution. Tne works ol 
mnny antbors, ancient nnd modem, have been consulted, and more than a bundled 
standard writers of the English language, on both sides the Atlantic, laid under eon- 
tiibution t4* enable the authors to present a collection rich in all that can inform the 
anilerstamlinL', improve the taste, and cultivate the heart, and which, ai the same 
Mme. fihall furnish every variety of style and subject to exemplify the principles ol 
Ill)«-t<>ri(;al delivery, and form a finished reader and elocutionist. Clasrical and tiiii- 
U>iical HlluHions, 8«i cr mnion among the best writers, have in all cases been explainfd ; 
At.\ i-oitciHi* Biographical Sketches of authors fh)ra whose works extractii have been 
i*iio<'ted. have also been introduced, toyelber with Alphabetical and ()hn>no1otcic4fk 
Liftt« of the Names of Authors; thus rendering this a convenient text-book (Or Stn- 
Sents ii Kogliab and Aiiierican Literature. 

A. & BAENES & BUEE, Pnblishoi, 

01 & 53 JoliT) Street, New 7or1i 



flATIOHAL 8EBIES Ox STAHDAED SGHOOL-BOOIB. 



mONTEITH AND mcNALI^T'S 



KOirT£ITH*S FIRST LESSONS IN GEOaRAPHT 

MONTBITH*S INTEODUOTION TO MANUAL OF aEOaRAFHT. 

MONTEITH*S NEW MANUAL OF QEOaRAPHY 

McNALLT'S COMPLETE SCHOOL OEOGRAFHT 



lConteith'8 First Iiessons fn GtoograpliF— IntrodnoUon to Man* 
a*l of Gheoflnraphy— and New Manual of Oeofcraphy, are ammged <m 
the cfttechetlcal plan, vrhich haa been proren to be the best and znoet aucoestftil 
method of teaching this branch of study. The qaestlons and answers are models of 
brevity and adaptation, and the maps are simple, hot accurate and beautifuL 

McNally's Geography completce the Series, and follows the same geneial 
plan. Tlie maps are splenditlly engraved, b^antifhlly colored, and perfectly accarate; 
and a profile of the country, showing the elevations and depressions of land, is given 
at the bottom of the maps. The order and arrangement of map questions is also 
pecniiarly happy and systematic, and the descriptive matter Just what is needed, and 
nothing more. No Series heretofore published has been so extenslyely introduced is 
•o short a time, or gained such a wide-spread popularity. 

These Oeographtes are used more extensively in the Public Schools of New York, 
Brooklyn, and Ntwar]^ than all othefSb 

0f* A. B. Clabk, Principal of one of the largest Pablio Schools In Brooklyn, says 
" I have used over a thousand copies of Monteith^s Manual of Ge<^raphy sinee Its 
adoption by the Board of Education, and am prepared to say it is the best wci: Jbr 
iQBior and intermediate classes in our schools I have ever seen." 

Ths Seri48y in iohoU or in part, hat b^en adoptsd in the 

Public Seheols of New York. 
Public Schools of Brooklyn, L. L 
Public Schools of New Haven. 
Public Schools of Toledo, Ohio. 
Public Schools of Norwalk, Conn. 
Public Schools of Richmond, Ya. 
Public Schools of Madison, Wia. 
Pnblie Schools of Indianapolis. 
Public Schools of Springfield, ] ' 
Public Schools of Columbus, Ohla 
Public Schools of Hartford, Conn. 
Public Schools of Cleveland, OhiOp 

And other plaoea too numeroua M 
mention. 



New York State Normal School 
Hew York City Normal School 
New Jersey State Normal School. 
Kentucky State Normal School. 
Indiana State Normal School ' 
Ohio State Normal School 
Michigan $tate Normal School 
York Connty (Pa.) Normal SchoOi. 
Brooklyn Polytechnic Institute. 
Cleveland Female Seminary. 
Public Schools of Milwaukie. 
Public Schools of Pittsburgh. 
Public Schools of Lancaster, Pa. 
Public Schools of New Orleans. 

They have also been recommended by the State Superintendents of iLLiiKwa 
|in>iA«A, WnooNstN, Missoubi, North Cabouna, Alabama, and by numerom 
Te»i^^ra* Aseodations and Institutes throughout the country, and are in sncceasftil 
•M V> mullitude of Public and Private Sehools throughout the United Btatoi. 

A. 8 BABKES & BUBB, PublisherSt 

61 ft 63 John Btraet, N#ir Yo 



ff&TIQNAL SEEIES OF STANDARD SOHOOL-BOOSS 



ENGLISH GBAMMAR, 

BY S. W. CLARK and A. S. WELCH, 

CON8ISTINO OF 

6LABX*S FIBST LESSOKB m ENGLISH GBAMMAB 

CLARK'S NEW ENGLISH GRAUKAB 

CLARE'S GRAUKATICAL CHART 

CLARK'S ANALYSIS OF THE ENGLISH LANGT7AGE 

WELCH'S ANALYSIS OF THE ENGLISH SENTENCE 

▲ more Advanced Work, deftigned P,r Higher Classes In Aeademlee and Normtl 
Schools. Bj A. S. Wbloh, A. M., Principal of the State Normal Schoo. 
Michigan, at Ypsilantl. - 



The First Iiessons in Grammar are prepared for yonng pupils, and m «& 
appropriate introduction to the larger work. The elements of Grammar are hera 
presented in a series of gradual oral exercises, and, as far as possible, In plain Bazori 
words. 

Clark's Wew Grammar, it Is confidently believed, presents the only tnu» 
and successful method of teaching the science of the English Language. The work i» 
thoroughly progressive and practical ; tlie relations of elements happily illustrated 
and their analysis thorough and simple. 

This Grammar has been officially recommended by the Superintendents of Publft 
Instruction of Illinois, Wisconsin, Michigan, and Missouri, and is the Text-book 
adopted in the State Normal Scfuwls of New York, and other States. Its extenslva 
eirculation and universal success is good evidence of its practical worth and super* 
orlty. 

Fiofessor P. S. Jbwkll, of the New York State Normal School, says: 

* Clark's System of Grammar is worthy of the marked attention of the fHends c( 
Education. Its points of excellenoe are of the most decided character, and will ncft 
soon be surpassed." 

** Let any clear-headed, independent-minded teacher master the system, and tk«u 
give it a fair trial, and there will be no doubt as to his testimony.'* 

'Welches Analysis of the English Sdntenoe.— The prominent featar«N 
•f this work have been presented by Lectures to numerous Teachers' Institutes, and 
ontnimously approved. The classification, founded upon the fact that there are but 
three elements in the language, i% very simple, and, in many respects, new. Tlie 
method of disposing of connectives is entirely so. The author has endeavored to 
«tady the language at it U, and to analyze it wiUiout the aid of antiquated rules. 

This work is highly recommended by the Superintendents of Public Instruction ol 
Michigan, Wisconsin, and other States, and is being used In many of the best schools 
ttiroughout the Union. It was introduced soon after publioation into Oberlin Col- 
lege, &tid h.u met with deserved snoceas. 

A. S BABNES & BUBB, Fublisliers, 

61 & 63 John Street, New Yorle} 



VATZOHAI 8B BIES OF STABPABD BGHOm-BOCaDl 

HISTORY ANi) MYTHOLOGY. 

ICOinXITH'S CHILD'S HISTORY OF THE UNITED STATES. 
(DniGNSD rOB Pubuo Sohoou: oopiooslt ilujrbatkd.) 

WILLAED'S SCHOOL HISTORY OP THE UNITED STATES 

(With Mapb akd EireBATiHM.) 

WILLABD'S LABGB HISTORY OF THE UNITED STATES 

(With Maps and Ehokatinm.) 

WILLABD'S HISTOBY OF THE UNITED STATES ... 

(In Spanish LAXOUAav.) 

WILLABD'S UNIVERSAL HLSTOBY IN PERSPEOTITB 

(With Mapb and ENQRATurea) 

BICOBD'S BOMAN HISTOBY 

(With Eksbatuicm.) 

Dw/onrs gbecian and boman mythology 

(School Edition.) 

DWIGHT* GBECIAIT AND BOMAN MYTHOLOGY 

(Univkbsitt Edition.) 

MILLS' HISTORY OF THE ANCIENT HEBBEWS 



Monteith's History of the United States is designed for foanfrscholars, 
on the catechetical plan, witli Maps and Engravings It has also Biographical 
Slcetcbes of the most prominent men in early bistury. 

'Wlllard's Histories are need in a large proportion of the High Schools, 
Academies, and Female Seminaries throtighoat the United States, and have been 
reoommended by several State Superintendenta Tho History of the UnitAil Sut«)a 
Is so highly esteemed, as accarate, reliable, and complete, that it has been translated, 
and published in the Gterman, Spanish, and French languages. 

The Inrge work is designed as a Text-book for Aoadrxibb and Femalb Skmina- 
bibs: and also for District Sohooub and Family Libbabibb. The small work being 
an Ahridgement of the same, is designed as a Teirt-b(Htk fi>r Common Scfwol*. Tho 
originality of the plan consists in dividing the time into ^teriodA, of which tlie begin* 
Dings and tttrminntions are marked by important events; and constructing (» «<9ri^ 
ofmtifm illnstrativg the prttgress qftfie settlement of the country^' and Hie regnUti 
adfianes of eimlizattttn. A fiM Chronological Table will be fonnd, in whicli al 
the events of the History are arranged in the order of time. There is »ppende«] to 
the work the ConMitntiitn '>fthe United Stated, and a series of Qnostions adapted to 
. each chapter, so tliat the work may be used in schools and for private instructii>n. 

Dwight'fl Mythology is peculiarly adapted for use as a Class-book in High 
Brhuols, AcaQemies, and Seminaries, and is indispensable to a thorough acqnaintHnce 
witli Ancient Ilittory, and to a proper appreciation of the ctassical alluMons constantly 
occurring in the writings of the best authors. It is also very valuable for private 
»»-a«ilMg and stndy. 

Bicord's Roman History is also designed as a Text-book for Schools, and 
ft>r private reading and reference. It is the most complete and condensed Hi>tory ol 
»he T{omans before tiie public, and will be found exceedingly interesting, and vory 
faluaUe t<».all, especially to those wishing to be familiar with the dassiee. 

A. S. l^ABHES & BURB, PublUhers, 

61 A 53 John Street, New York. 
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